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Abstract

Chain-of-thought (CoT) traces are used across lan-
guage model prompting, training, test-time infer-
ence, and interpretability, yet they are often mod-
eled in task-specific ways. We propose treating
CoT traces as discrete probabilistic programs and
introduce Copper, a language in which reason-
ing steps are stochastic variables, control flow en-
codes dependencies, and answers are program out-
puts. Its finite reachability semantics reduces CoT-
related quantities to probabilistic queries over
Copper programs, placing CoT analysis within
tractable probabilistic inference. This formula-
tion recovers standard trace-likelihood quantities
while exposing limitations of likelihood-only scor-
ing. It also supports differentiable operators for
composing likelihoods, confidence estimates, and
feedback over trace structure. We present the lan-
guage and its tractable semantics, establish several
basic formal correspondences with standard CoT
inference, and outline ongoing case studies using
the framework to derive new test-time inference
strategies and verification techniques.

1 Introduction

Since the seminal work of Wei et al. (2022), chain-of-
thought (CoT) prompting has become central to how lan-
guage models are used, evaluated, and improved. CoT traces
now appear not only in prompting, but also in model train-
ing (Guo et al., 2025; Yeo et al., 2025; Chen et al., 2025),
test-time inference (Huang et al., 2025), and interpretability
analysis (Turpin et al., 2023; Lanham et al., 2023; Stechly
et al., 2024). Yet these uses often treat traces in task-specific
ways, without a shared account of what traces denote, how
their steps compose, or what inferences they support.

*Equal contribution.

We argue that CoT traces can be modeled as simple proba-
bilistic programs: ordinary programs extended with stochas-
tic choices, branching, conditioning, and probabilistic
queries (Gordon et al., 2014; Katoen et al., 2015; De Raedt
& Kimmig, 2015). Figure 1 illustrates the idea. Reasoning
steps become stochastic assignments, dependencies among
steps become control flow, evidence is incorporated using
observe(.), and answers are program outcomes. Ques-
tions about a trace then become probabilistic queries: an-
swer probabilities used in learning or inference are com-
puted as differentiable marginals, while analysis is sup-
ported via conditionals/sensitivities over trace variables.

To explore these themes, we study CoT through a language-
design lens, asking: What would a programming language
for CoT need in order to represent traces, reason over them,
and derive new inference strategies? We derive Copper, a
simple discrete probabilistic programming language with a
denotational semantics supporting exact, tractable inference,
following the compilation-based approaches of Dries et al.
(2015); Fierens et al. (2015); Holtzen et al. (2020); Garg
et al. (2024); Moy et al. (2025) inter alia. We describe the
language and explore how it can be used both to reason
formally about the limitations of trace likelihood and to
develop test-time inference strategies that more effectively
combine direct model signals across reasoning steps in CoT.

2 A simple language for CoT

CoT prompting elicits intermediate natural-language rea-
soning steps before a final answer. For an input query
Q, we write a CoT trace as T = (T1, . . . , Tm), where
each Ti is an intermediate thought sampled from a lan-
guage model, Ti ∼ PM(· | T<i, Q), and the final an-
swer A is sampled from A ∼ PM(· | T, Q). A com-
mon probabilistic view of CoT is the latent-trace model
(Dohan et al., 2022; Xiang et al., 2025), where answer
probabilities marginalize over possible reasoning traces:
PCoT(A | Q) =

∑
T PM(A,T | Q). Our goal is to make

the internal structure of these traces explicit: steps may be
uncertain, later steps and answers may depend on earlier



(A) Chain-of-thought

Prompt: Could the members of The Police perform lawful
arrests? Think step-by-step.

LLM CoT Reasoning Trace:

The members of The Police were musicians. s1
step deps. none lm cond. likelihood: 0.86 verbal confidence: 0.7

Only law enforcement officers perform lawful arrests of
other people. s2
step deps. none lm cond. likelihood: 0.96 verbal confidence: 0.90

Based on this, the answer is no. (answer: no) s3
step deps. s1, s2 lm cond. likelihood: 0.53 verbal confidence: 0.8

(B) Probabilistic Program

1 @CotProgParser()
2 def pp():
3 P1: bool =∼ Flip("step1", 0.86, [0.7])
4
5 P2: bool =∼ Flip("step2", 0.96, [0.9])
6 ## observe(P2) ## Optional condition, set P2=True
7
8 if P1 and P2:
9 P3: bool =∼ Flip("no", 0.53, [0.8])

10 yield P3 ## returns "no" if P3 true, exception otherwise, syntactic sugar
11 else:
12 raise ValueError("Cannot establish P1 or P2")
13
14 ## Program inference
15 pp.inference(query={"no"}, compute_grad=True) ## 0.4376
16 ## param_grads=[(’P2’, 0.455), (’P3’, 0.825), (’P1’, 0.5087)]
17 pp.inference(query={"ValueError"}) ## 0.5624
18 pp.inference(query={"no"}, use_conf=True) ## 0.504

(C) Probabilistic Queries

θlikelihod =
(0.86, 0.96, 0.53)

θ′ = (0.70, 0.90, 0.80)

E = {P2}

Ppp(return "no"; θ)

∂ Ppp(return "no"; θ)
∂ θ

Ppp(raise ValueError; θ)

Ppp(return "no"; θ′)

Figure 1: Copper models CoT traces as probabilistic programs. (A) An example query and reasoning trace paired with
a direct translation into a probabilistic program in Copper (B). Reasoning steps become stochastic choices (parameterized
by some θ such as lm step likelihood θlikelihood), dependencies control flow, and answers/failures return values. The
program supports exact probabilistic queries (C) over traces, including answer marginals (lines 15–18), conditioning via
observe(.) (line 6), alternative weight parameterizations θ′ (line 18), and sensitivity analysis (line 16).

ones. We do this by defining a simple, Python-like language
for traces T, which we introduce next.

Syntax The syntax of our language is summarized in Fig-
ure 2a with the intermediate reasoning steps of CoT being a
first class member in Copper. Each thought Ti in T is repre-
sented by a Boolean random variable P, sampled with prob-
ability <p> using the probabilistic assignment Flip(.).
Step dependencies are represented by ordinary if-then con-
trol flow over Boolean conditions <bool condition>
defined over one or more step variables. Reasoning errors
are represented as exceptions using ValueError. Back-
ground constraints are encoded using observe(.), and an-
swers are return values. Mutually exclusive alternatives are
represented using the Categorical(.) construct, and
new variables can be defined via Factor(.) (see below).

Semantics Probabilistic programs define distributions over
executions σ. In our language, an execution assigns values
to stochastic decision variables (e.g., the step variables P1,
P2, P3 in Figure 1), which determine which branches are
taken and which program events are reached. Probabilistic
queries therefore reduce to reachability: computing the
probability of reaching a return value, exception, or inter-
mediate point. We encode reachability using guards (Dijk-
stra, 1975): Boolean formulas over stochastic step variables
that characterize when deterministic program events occur
(see Figure 2b). Let Vdec be the stochastic decision vari-
ables, V¬dec be the deterministic program-event variables
(e.g., returns, exceptions), and define an execution function
σ : Vdec → {true, false}. Each v ∈ V¬dec is true exactly
when at least one of its reachability guards (referred to as
guards(v)) is satisfied. We formally define Copper and its
compilation to weighted Boolean formulae in Section C.

Formally, we define the program formula F and evidence
formula E in Figure 2c. A query q is any Boolean condi-
tion over program variables, such as q = return "no"

Table 1: Program schemata for modeling CoT likelihood
and the latent trace model.

k−answer program Fa k−chain program Fc

1 ## Answer 1
2 P1,1 =∼ Flip(s1,1, θ1,1) ...
3 P1,n1

=∼ Flip(s1,n1
, θ1,n1

) ...
4 ## Answer k
5 Pk,1 =∼ Flip(sk,1, θk,1) ...
6 Pk,nk

=∼ Flip(sk,nk
, θk,nk

)
7 if P1,1 and ... and P1,n1

:
8 return a1 ...
9 elif Pk,1 and ... and Pk,nk

:
10 return ak
11 else:
12 raise ValueError('Error')

1 ## Trace 1
2 P1,1 =∼ Flip(s1,1, θ1,1) ...
3 P1,n1

=∼ Flip(s1,n1
, θ1,n1

) ...
4 ## Trace k
5 Pk,1 =∼ Flip(sk,1, θk,1) ...
6 Pk,nk

=∼ Flip(sk,nk
, θk,nk

)
7 A1, .. Ak, ¬A =∼ Categorical(
8 prod(θ1,:), ... , prod(θk,:)
9 1 − (prod(θ1,:) + .. + prod(θk,:))

10 )
11 if A1 or ... or Ak:
12 return a

and q = ValueError. Its probability, conditioned
on optional evidence, is computed in Figure 2d by
weighted model counting (WMC) (Chavira & Dar-
wiche, 2008; Fierens et al., 2015): WMC(ϕ; θ) :=∑

σ∈Exec(ϕ)

∏
P∈Vdec

wP(σ(P)) where Exec(ϕ) is the set
of Boolean executions satisfying ϕ, and wP(true) =
θP, wP(false) = 1 − θP for P =∼ Flip(·, θP). Our
implementation follows this compilation-based approach
(Holtzen et al., 2020), translating programs into tractable
circuits (Darwiche, 2011, 2021) that permit exact WMC.

3 What can we do with this simple language?

Formal reasoning about CoT Although Copper is min-
imal— effectively an IMP-style language (Winskel, 1993)
extended with probabilistic primitives—it already recovers
familiar CoT quantities as ordinary program queries. Table 1
gives two programs: the first models CoT likelihood while
the second models the latent-trace model for a single answer.
We state the first correspondence below.

Proposition 1 (CoT likelihood). Consider the case of
the k-answer program Fa with k = 1. Let Ta1 =



(a) Core syntax of Copper and grounding in CoT

CoT Concept Syntax Program Vars

Steps are probabilistic Booleans 1 P =∼ Flip(<str>, <p>) Vdec

Step dependencies are controls 1 if <bool condition>:
2 <new fact or answer branch v>

guards(v)

Reasoning Errors are Exceptions

1 if <bool condition>:
2 <new fact or answer branch v>
3 else:
4 raise ValueError(<error>) V¬dec

Answers are returns 1 return <answer output> V¬dec

Conditions are observes 1 observe(<bool condition e>) evidence

Chains/answers can be unique 1 A1,..,An =∼ Categorical(<p1, ..>) Vdec

Step scores can be aggregated 1 P =∼ Factor(<str>, fm(p1, ..., pm)) Vdec

(b) Reachability semantics

P1: bool =∼ Flip("s1", 0.86)

P2: bool =∼ Flip("s2", 0.96) raise ValueError

P3: bool =∼ Flip("s3", 0.53) raise ValueError

return "no" raise ValueError

T 0.86

T 0.96

T 0.53

F

0.14

F

0.04

F

0.47

v return "no"
↔ P1∧ P2∧ P3︸ ︷︷ ︸

return guard

vValueError
↔¬P1∨¬P2∨¬P3︸ ︷︷ ︸

exception guard

(c) Boolean program encoding

F :=
∧

v∈V¬dec

(
v↔

∨
g∈guards(v)

g

)
E :=

∧
e∈evidence

e

(d) Probabilistic query computation

PF(q | E; θ) =
WMC(F∧ E∧ q; θ)

WMC(F∧ E; θ)

Figure 2: Syntax and semantics of Copper. (a) Core language constructs. (b) Reachability semantics: each path
corresponds to a program execution, with path weights determined by local decision probabilities; guards specify the
Boolean conditions under which evidence-conditioned program points are reached. (c) Boolean encoding of the program
and evidence formulas. (d) Exact conditional query probabilities computed by weighted model counting (WMC).

(s1,1, . . . , s1,n1
) be a CoT trace for a query Q whose final

step returns answer a1. If each flip probability is set to the
LM conditional step likelihood θ1,j = PM(s1,j | s1,<j , Q),
then PFa(¬ValueError; θ) = PM(Ta1 | Q).

In other words, under this lm likelihood parameterization,
the probability of not reaching an exception corresponds
exactly to the likelihood of a single CoT trace; its negative
logarithm therefore yields the negative log-likelihood loss,
showing the close connection between program inference
and learning (Xu et al., 2018). In App. B, we prove an
analogous correspondence between Fc and the latent-trace
marginal and discuss the semantics of k > 1 and branching.

These correspondences are elementary, but their role is
foundational: standard CoT likelihoods and latent-trace
marginals arise directly from the same reachability seman-
tics used for arbitrary program queries. The programming
formulation makes assumptions about traces explicit and
formally analyzable, while the schemata provide declarative
templates for constructing richer reasoning strategies.

Understanding the limitations of likelihood Advanced
test-time reasoning methods often rely on search, external
solvers, or reward models (Yao et al., 2023, 2022; Gao et al.,
2023; Zhong et al., 2026), typically at the cost of additional
model calls. We instead ask whether richer reasoning can
be obtained from fewer calls by structuring and using the
model’s own signals more effectively. The probabilistic-
program view helps both to formulate such strategies and to
expose the limitations of likelihood as a sole scoring signal.

As an example, multi-answer CoT is a novel prompt strat-

egy below that instructs the model to produce multiple
candidate reasoning paths and answers directly in a single
call. The resulting trace translates directly into a branching
program, which obviates the need for many forward calls.
Instruction: Please answer each question thinking step-by-step.
Rather than giving a single answer, however, I want you to
express different possible reasoning paths. Number your steps
and identify step dependencies.
Query: Would a sea kayak fit into a normal car?
Example Trace (Llama-3.3-70B-turbo-instruct) 1. A sea
kayak is typically around 14-18 feet long 2. Most cars have a
maximum interior length of around 6-8 feet 3. Based on 1 and 2,
the answer is: no (ref. 1, 2) (final answer: no) 4. Some cars have
roof racks that can carry long items like kayaks 5. Alternatively,
based on 4, the answer is: yes (ref. 4) (final answer: yes)
Step likelihoods θlikelihood (length normalized) (for no) P1 0.839
P2 0.99 P3 0.951. (for yes) P4 0.921 P5 0.92
Program sketch: if P1 and P2 and P3: return "no"
elif P4 and P5: return "yes"

This representation permits candidate paths to share, con-
trast, or revise steps explicitly, without a separate process
reward model. In the example, however, exact inference
assigns greater probability to yes, even though the no path
has slightly greater average step support. The reason is
structural: conjunction multiplies step probabilities, causing
raw trace likelihood to penalize longer chains.
Proposition 2 (Length confound). Let t1, t2 be two CoT
chains with lengths n1, n2, log-likelihoods ℓ1, ℓ2 < 0, and
mean log-likelihoods ℓ̄i = ℓi/ni. If ℓ̄1 > ℓ̄2, then likelihood
prefers t1 over t2 only under the following condition: ℓ1 >

ℓ2 ⇐⇒ n1

n2
< |ℓ̄2|

|ℓ̄1|
.

Thus, even when t1 has greater mean log-likelihood, it is
preferred only if n1 < n2

|ℓ̄2|
|ℓ̄1|

. Any inference procedure that



(A) Multi-answer Chain-of-thought
Query Q: Would a sea kayak fit into a normal car? Think step-by-step

LLM CoT Reasoning Trace (single forward call)

For yes (LLM verbal confidence: 0.4)

A sea kayak can vary in size, but some fit into larger vehicles. (0.642) s1

Some cars, especially SUVs, have foldable seats and ample space. (0.595) s2

If the kayak is small and the car large enough, it might fit. (llm likelihood 0.698) s3

Based on this, the answer is: yes (answer) s4

For no (LLM verbal confidence: 0.7)

Sea kayaks are typically 12–18 feet long. (llm likelihood: 0.831) s5

Most cars cannot handle such long objects. (llm likelihood: 0.733) s6

Even with foldable seats, a kayak exceeds interior space. (llm likelihood: 0.676) s7

Based on this, the answer is: no (answer) s8

(B) Copper Program

1 yes: bool =∼ Flip("yes", 0.4)
2 no: bool =∼ Flip("no", 0.7)
3 A: bool =∼ Categorical("yes",Combine(yes, no))
4

5 P1: bool =∼ Flip("s1", 0.642)
6 P2: bool =∼ Flip("s2", 0.595)
7 P3: bool =∼ Flip("s3", 0.698)
8 EY: bool =∼ Factor("yes_E",LogitPool(P1, P2, P3))
9

10 P5: bool =∼ Flip("s5", 0.831)
11 P6: bool =∼ Flip("s6", 0.733)
12 P7: bool =∼ Flip("s7", 0.676)
13 EN: bool =∼ Factor("no_E",LogitPool(P5, P6, P7))
14 observe((A and EY) or ((not A) and EN))
15 if A: return "yes"
16 else: return "no"

(C) Probabilistic model

θverbal = (0.4,0.7)

Pprior(A | Q; θ′verbal)

θlikelihood = (
0.642, 0.595, 0.698,
0.831, 0.733, 0.676,

)

Pevidence(T | A,Q; θ′like.)

Pposterior(A | T, Q; θ′verbal, like.)

Figure 3: Bayesian multi-answer CoT, a prompting strategy derived from our framework that elicits multiple candidate
answers and supporting reasoning paths. (A) An example gpt-4o trace produced in a single forward call. (B) The
corresponding Copper program and its underlying probabilistic model (C), which uses differentiable operators to aggregate
step-level evidence using a mixture of LM likelihood signals (θlikelihood) and verbal probabilistic feedback (θverbal).

ranks chains by raw likelihood therefore inherits a length
confound. This elementary result illustrates a broader ben-
efit of the programming formulation: candidate inference
strategies can be represented declaratively and their struc-
tural biases analyzed formally before deployment.

Adding differentiable operators Returning to our
language-design question, this failure shows that CoT pro-
grams must support more than conjunction and likelihood
multiplication. We therefore introduce Factor, which as-
signs program weights through a differentiable aggregation
fm(p1, . . . , pm) of earlier scores, enabling normalization,
confidence aggregation, feedback, and other interactions.
This lifts the language from probabilistic modeling of CoT
to differentiable programming over LLM outputs (Lew
et al., 2023a), where richer computation graphs for CoT can
be constructed and optimized.

4 Ongoing Case Studies

We implement Copper as an embedded DSL in Python,
following Saad et al. (2021). Programs compile to SDDs
through PySDD (KULeuven, 2026) for exact WMC, with
PyTorch (Paszke et al., 2019) providing AutoDiff support.
We briefly describe how Copper supports novel robustness
analysis and the design of new inference strategies.

Measuring robustness The program representation en-
ables a notion of robustness inspired by formal verification
(Kwiatkowska et al., 2007): how much must the semantics
θ of a reasoning trace change before its output flips? We
define a robustness margin over step probabilities, answer
priors, and other program parameters. Exact differentiable
inference provides the score gap and its gradient, yielding a
local estimate of the smallest perturbation needed to change
the prediction. The same analysis can be applied across
alternative program structures and across feedback from
multiple LLMs, revealing disagreement between models.

This analysis also gives a criterion for designing better rea-
soning procedures: inference strategies should not only
select accurate answers, but produce decisions that remain
stable under small changes to their supporting evidence.

Deriving robust prompting strategies Motivated by
this analysis, we investigate Bayesian multi-answer CoT,
in which a single call elicits multiple candidate answers.
Rather than sampling one trace per call, the model produces
multiple candidate answers, answer-conditioned reasoning
paths, step dependencies, and verbal confidence estimates
in a single response. The output is translated into the proba-
bilistic program shown in Figure 3.

The strategy uses the Bayesian factorization Ppost(A |
T, Q) ∝ Pevidence(T | A,Q)Pprior(A | Q). We param-
eterize these terms by reversing the usual generation order:
the LLM first produces candidate answers and initial confi-
dence estimates, then generates reasoning conditioned on
each answer. Answer confidences define the priors, while
step likelihoods, verbal confidence, and dependencies de-
fine the evidence terms through differentiable aggregation
(e.g., LogitPool combines step-level signals by averaging
their log-odds). In ongoing experiments, these Bayesian pro-
grams exhibit larger robustness margins than likelihood-only
formulations, suggesting that the same structural choices
that improve inference also yield less brittle decisions.

5 Conclusion

We introduced Copper, a language for representing CoT
traces and reasoning over them with exact, differentiable
inference. We show how such programmatic representa-
tions make assumptions about LLM reasoning explicit and
amenable to formal analysis. We see Copper as a first
step towards a broader language-design agenda for mod-
eling complex LLM reasoning while retaining formal and
tractable analysis.
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A Extended Related Work

CoT and Variants Our work takes inspiration from the liter-
ature on CoT and its variants that couple CoT with advanced
search techniques (Yao et al., 2023; Mo & Xin, 2024; Besta
et al., 2024; Bi et al., 2024; Yang et al., 2024), external tools
(Ye et al., 2023; Gao et al., 2023; Wu et al., 2025) and other
forms of test-time scaling (Khot et al., 2022; Wang et al.,
2022; Feng et al., 2025; Cheng et al., 2026). In contrast, our
work focuses not on a specific inference strategy but on a
general formalism for CoT. As such, our work is closest to



Dohan et al. (2022), who propose a related graphical model
view of CoT; however, their work is primarily conceptual,
whereas we define an explicit language for CoT with a for-
mal semantics and use it to derive new formal and empirical
results. We also follow other work such as Beurer-Kellner
et al. (2023); Quan et al. (2024); Feng et al. (2026) that
attempts to ground LLM inference in programming.

Probabilistic and Differential Programming Our techni-
cal framework draws on probabilistic programming (Pfeffer,
2010; Gordon et al., 2014; Katoen et al., 2015; Van de
Meent et al., 2018), statistical relational learning (De Raedt
et al., 2016), and differentiable programming (Blondel &
Roulet, 2024). We build our approach and language most di-
rectly on discrete probabilistic programming (Holtzen et al.,
2020; Saad et al., 2021), where programs define distribu-
tions over finite executions via random choices, branching,
conditioning, and return values. Exact inference in this
setting can be performed by reducing probabilistic queries
to weighted model counting over compiled logical repre-
sentations (Chavira & Darwiche, 2008; Darwiche & Mar-
quis, 2002). As such, our focus on exact inference differs
from other approaches that mix probabilistic programming
with approximate inference and LLMs such as Wong et al.
(2023); Lew et al. (2023b).

While we use imperative-style program representations, our
work work takes inspiration from probabilistic logic pro-
gramming and other declarative-style approaches to prob-
abilistic programming (De Raedt et al., 2007; Dries et al.,
2015; Manhaeve et al., 2018; Li et al., 2023; Cozman &
Mauá, 2020). Indeed, we note that the Boolean nature of
our programs and our program encoding in Figure 2c opera-
tionalizes a Clark-style completion semantics (Clark, 1977),
however our language differs in having more complex dif-
ferentiable operators.

Tractable Probabilistic Modeling for LLMs Finally, our
work takes inspiration from work on using tractable proba-
bilistic models for LLM modeling problems (Ahmed et al.,
2024; Zhang et al., 2023; Liu et al., 2025; Yidou-Weng et al.,
2025; Garg et al., 2026), and other approaches involving
tractable neuro-symbolic inference (Xu et al., 2018; Ahmed
et al., 2022; Richardson et al., 2025; Calanzone et al., 2024).
In contrast to this work, much of which centers around con-
strained decoding problems, we focus on applications of
probabilistic modeling of CoT.

B Formal Results

B.1 The k−answer program for k = 1

Proposition 1 (CoT likelihood). Consider the case of
the k-answer program Fa with k = 1. Let Ta1 =
(s1,1, . . . , s1,n1) be a CoT trace for a query Q whose final
step returns answer a1. If each flip probability is set to the
LM conditional step likelihood θ1,j = PM(s1,j | s1,<j , Q),

then PFa(¬ValueError; θ) = PM(Ta1 | Q).

Proof. Let the following formula be the guard formula for
reaching answer a1:

G1 =

n1∧
j=1

P1,j

which is satisfied exactly when ValueError is not en-
countered. Hence, under the semantics of the Flip:

PFa
(¬ValueError; θ) = PFa

(G1; θ) =

n1∏
j=1

θ1,j .

Substituting the assumed model conditionals and applying
the chain rule then yields

n1∏
j=1

θ1,j =

n1∏
j=1

PM(s1,j | s1,<j , Q)

= PM(s1,1, . . . , s1,n1 | Q)

= PM(Ta1 | Q).

which establishes the correspondence.

B.2 The k−chain program

Below we state an analogous result for the k−chain program
in Table 1. In this program, we use prod(θj:) as a helper
to denote the product of the step probabilities for each jth
CoT. Importantly, we note the presence of a negated variable
¬A in Categorical, which denotes the negation of all
choices and follows the semantics of annotated disjunctions
in probabilistic logic programming (Vennekens et al., 2004).
Proposition 3 (Finite latent-trace approximation). For the
k-chain program Fc (Table 1), suppose each disjunct i en-
codes a distinct CoT trace Ta

i = (si,1, . . . , si,ni) for a
query Q whose final step returns answer a. If each flip
probability is set to θi,j = PM(si,j | si,<j , Q) then

PFc
(return a; θ) = PCoTk

(A = a | Q)

with PCoTk
(A = a | Q) :=

∑k
i=1 PM(A = a,T = Ta

i |
Q) being a finite approximation of the latent-trace marginal.

Proof. Let Gi be the success guard for the i-th disjunct
in Fc: Since the k-chain program returns a whenever any
encoded chain succeeds, the return guard is

return a ⇐⇒
k∨

i=1

Gi.

By the assumed weighting and the chain rule,

PFc
(Gi; θ) =

ni∏
j=1

PM(si,j | si,<j , Q)

=PM(A = a,T = Ta
i | Q),



where the final equality uses that Ta
i is a trace supporting

answer a, with the answer included in the encoded trace
as specified in the proposition. Since the trace identities
T = Ta

i are distinct in virtue of being Categorical, the
corresponding trace events are mutually exclusive in the
latent-trace model. Therefore,

PFc(return a) = PFc

(
k∨

i=1

Gi; θ

)

=

k∑
i=1

PFc
(Gi; θ) =

k∑
i=1

PM(A = a,T = Ta
i | Q).

which establishes the result.

B.3 The k−answer program for k > 1

One subtle detail in the above program and proof is the use
of a categorical choice, which imposes a uniqueness con-
straint that allows only one of the k chains to be selected.
Removing this constraint and assigning each branch a dis-
joint set of independent decision variables yields a different
semantics. To see this in relation to the k−answer pro-
gram, define each guard Gi as above and its corresponding
likelihood Li as

Gi =

ni∧
j=1

Pi,j , Li = PFa
(Gi; θ) =

ni∏
j=1

θi,j .

The probability that at least one independent branch suc-
ceeds is then

PFa

(
k∨

i=1

Gi; θ

)
= 1−

k∏
i=1

(1− Li)

which corresponds to a Noisy-OR (Pearl, 1988) or proba-
bilistic disjunction under independence. Based on this, we
generalize Prop. 1.

Proposition 4 (Noisy-or). For the k-answer program Fa

with k > 1, let each Tai = (si,1, . . . , si,ni) be a CoT trace
for a query Q whose final step returns answer ai. If each
flip probability is set to θi,j = PM(si,j | si,<j , Q), then

PFa
(¬ValueError; θ) = 1−

k∏
i

1− PM(Tai | Q)

or the probability of the language model emiting one or
more of the of the k CoT traces.

Proof. The program avoids ValueError exactly when
at least one guard Gi succeeds. Because the guards use
disjoint decision variables, they are independent. Applying
the chain rule we get:

PFa
(Gi; θ) =

ni∏
j=1

θi,j = PM(Tai | Q).

then applying the probability of a union of independent
events yields the target result.

By adding the categorical guards as in the previous pro-
gram, we note that resulting program instead computes in
the total probability mass that a language assigns to the k
CoTs. Taken together, these results highlight three related
semantics. A single branch recovers ordinary CoT likeli-
hood; multiple independent branches produce a noisy-OR
over independent trace attempts; and replacing the indepen-
dent guards with a categorical trace choice recovers the total
probability mass of mutually exclusive traces.

B.4 The length confound

Proposition 2 (Length confound). Let t1, t2 be two CoT
chains with lengths n1, n2, log-likelihoods ℓ1, ℓ2 < 0, and
mean log-likelihoods ℓ̄i = ℓi/ni. If ℓ̄1 > ℓ̄2, then likelihood
prefers t1 over t2 only under the following condition: ℓ1 >

ℓ2 ⇐⇒ n1

n2
< |ℓ̄2|

|ℓ̄1|
.

Proof. Raw likelihood prefers t1 iff ℓ1 > ℓ2. Since ℓ̄i =
ℓi/ni, we have ℓi = niℓ̄i, so this is equivalent to

n1ℓ̄1 > n2ℓ̄2.

Because log-likelihoods are negative, write ℓ̄i = −|ℓ̄i|.
Then −n1|ℓ̄1| > −n2|ℓ̄2|. Multiplying by -1 then reverses
the inequality: n1|ℓ̄1| < n2|ℓ̄2|. Dividing both sides by
n2|ℓ̄1| > 0 gives

n1

n2
<

|ℓ̄2|
|ℓ̄1|

.

Therefore

ℓ1 > ℓ2 ⇐⇒ n1

n2
<

|ℓ̄2|
|ℓ̄1|

.

C Syntax of COPPER and Compilation to
Weighted Boolean Formula

Figure 4 provides the formal syntax of Copper and Figure 5
provides the formal compilation rules to weighted Boolean
formulae. To perform inference over the chain-of-thought
programs represented by Copper, given a set of defined
variables, we compile it to a weighted Boolean formula.
Formally, the compilation judgement for Copper programs
have the form Γ,Σ ⊢ p⇝ (w, g, e). Here, Γ refers to a set
of variables, Σ refers to a mapping from strings to variables,
weights w refers to a mapping from variables to probabil-
ities, guards g refers to a mapping from tuples of string
and deterministic variables to Boolean formulae, evidence e
refers to a Boolean formulae on which the probability distri-
bution is to be conditioned. These compilation rules closely



Values v ::= T | F | x
Boolean Expressions b ::= v | v ∨ b | v ∧ b | ¬b

Statements s ::= x =∼ Flip(θ)

| x1, . . . xn =∼ Categorical(θ1, θ2, . . . , θn)

| x =∼ Factor(fm(θ1, . . . , θm)) | observe(b)
| if b then p else p | return t | raise t

Program p ::= s | s; p

Figure 4: The syntax of Copper. The metavariable x ranges over variable names, θ ranges over real numbers in the range
[0, 1], t ranges over strings and fm ranges over differentiable functions [0, 1]m → [0, 1]

follow the rules provided in existing work for compiling
discrete PPLs to weighted Boolean formulae (Holtzen et al.,
2019). In fact, it is simpler for Copper as it assumes that
all variables are assigned distributions only once and all
observations are global.

Before we describe the compilation judgement, we first
define few helper functions.

• For a mapping w, we define its domain dom(w) :=
{v | ∃θ (v, θ) ∈ w}.

• Given Boolean variables, x1, x2, . . . xn, we define
the constraint of exactly one of them being true as
exact_one(x1, x2, . . . xn)

exact_one(x1, x2, . . . xn)

:=


x1 n = 1

(x1 ∧
∧n

i=2 ¬xi)

∨(¬x1 ∧ exact_one(x2, . . . xn)) n ̸= 1

• If for all variables x occurring in a Boolean formula b,
x ∈ Γ, then we say that b is well defined in the context
Γ, i.e. Γ ⊨ b.

• Given a mapping g from variables to Boolean formulas,
and a Boolean formula b, the conjunction b ∧ g :=
{((t, x), f ∧ b) | ((t, x), b) ∈ g}.

• Given two mappings g1 and g2, their union is defined
as

(g1 ⊔ g2)((t, x)) :=
g1((t, x)) ∨ g2((t, x)) (t, x) ∈ dom(g1) ∩ dom(g2),

g1((t, x)) (t, x) ∈ dom(g1) \ dom(g2),

g2((t, x)) (t, x) ∈ dom(g2) \ dom(g1).

• The construct fresh x retrieves a fresh variable
name x.

Now with the compilation rules, if ∅, ∅ ⊢ p ⇝ (w, g, e),
then ν¬dec = dom(g), guards(v) = g(v)



Γ,Σ ⊢ x =∼ Flip(θ)⇝ ({x : θ,¬x : 1− θ}, ∅,true)

Γ,Σ ⊢ x1, . . . xn =∼ Categorical(θ1, . . . θn)

⇝ ({x1 : θ1, . . . , xn : θn,¬x1 : 1, . . .¬xn : 1}, ∅,exact_one(x1, . . . , xn))

Γ,Σ ⊢ x =∼ Factor(fm(θ1, . . . θm))⇝ ({x : fm(θ1, . . . θm),¬x : 1− fm(θ1, . . . θm)}, ∅,true)

∃x (t, x) ∈ Σ

Γ,Σ ⊢ return t⇝ (∅, {(t, x) : true},true)
∄ x (t, x) ∈ Σ fresh x

Γ,Σ ⊢ return t⇝ (∅, {(t, x) : true},true)

∃x (t, x) ∈ Σ

Γ,Σ ⊢ raise t⇝ (∅, {(t, x) : true},true)
∄ x (t, x) ∈ Σ fresh x

Γ,Σ ⊢ raise t⇝ (∅, {(t, x) : true},true)

Γ,Σ ⊨ b

Γ,Σ ⊢ observe(b)⇝ (∅, ∅, b)

Γ ⊨ b Γ,Σ ⊢ p1 ⇝ (w1, g1, e1) Γ,Σ ∪ dom(g1) ⊢ p2 ⇝ (w2, g2, e2)

Γ,Σ ⊢ if b then p1 else p2 ⇝ (w1 ∪ w2, (b ∧ g1) ⊔ (¬b ∧ g2), e1 ∧ e2)

Γ,Σ ⊢ s⇝ (w1, g1, e1) Γ ∪ dom(w1),Σ ∪ dom(g1) ⊢ p⇝ (w2, g2, e2)

Γ,Σ ⊢ s; p⇝ (w1 ∪ w2, g1 ⊔ g2, e1 ∧ e2)

Figure 5: Compilation of Copper programs to weighted Boolean formulas.


