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Abstract

The premise and promise of KV (cache) eviction is simple: higher throughput can
be achieved by evicting some entries from the KV cache, at a negligible cost to
quality. This holds empirically for many existing methods, though most rely on
creative heuristics for selecting which entries to drop. Despite recent advances, the
problem of KV eviction has remained informal in the literature. This paper aims
to properly formalize this problem through the lens of probabilistic reasoning and
reveal what can be learned from this perspective. Concretely, we (1) formalize the
problem of KV eviction and, unfortunately, prove that it is computationally hard,
(2) show that by framing it probabilistically, KV eviction reduces to the problem of
expectation estimation, which can be approximated through sampling, (3) show
that through this probabilistic interpretation, correcting for evicted entries during
decoding—a previously ignored problem—becomes feasible, and (4) reveal that
existing methods in the literature are zero-variance biased estimators that can be
easily adapted in order to enable decode time correction. In practice, we show that
this probabilistic version of KV eviction coupled with decode time correction is
more robust to different tasks compared to existing eviction methods and achieves
competitive performance at the same compression budget.

1 Introduction

Key-Value (KV) cache compression poses a natural proposition: increase throughput and decrease
memory footprint by sacrificing some precision in the KV cache. Popular methods for this utilize
quantization [[17, 28], compaction [30, [12], eviction [26} 21} 22 [29], inter alia, to shrink down the
size of the cache and speed up inference. Among these techniques, KV (cache) eviction presents
the simplest solution: given a prompt and the KV cache associated with it, evict some entries of the
cache at a (hopefully) negligible cost to generation quality. Despite this simplicity, the problem itself
is quite challenging, and existing KV eviction strategies elaborate sophisticated heuristics in order
to identify which entries to evict, performing surprisingly well in practice. Although these recent
advances are indeed quite impressive, there is a distinct lack of formality in the literature. This paper
aims to address this, and in its wake expose key insights on the structure of KV eviction.

As a first result, by formalizing KV eviction we reveal that the problem of KV eviction is unfortunately
computationally hard. However, through a probabilistic interpretation of the attention mechanism,
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Figure 1: Correction can attenuate the effects of eviction at decode time. Evicting entries deforms
the distribution and biases the expectation, as the normalizing constant is altered by the evicted entries.
Existing eviction methods deterministically evict the top-k scored entries, which although zero-
variance, may have arbitrarily large bias. Probabilistic eviction addresses this unintended deformation
through self-normalized importance sampling, whose error is upper bounded by O(m~!), where m
is the number of samples.

eviction can be viewed as a problem of expectation estimation, which is well studied in the statistical
methods literature [23]]. We then reveal that the usual KV eviction setup ignores the distributional
shift that occurs after eviction: because of missing entries, the distribution over all entries is distorted,
and therefore so is the expectation. Thus, within this framing an expectation estimator (and KV
eviction strategy) aims to achieve low error at decode time by either reducing its bias, variance, or
both. Interestingly, most existing KV eviction methods are trivially subsumed within this framework.

The common approach in KV eviction is to score entries by using the attention weights and values,
and then take the top-k entries according to these scores [21},[29] 22]]; this estimator is zero-variance as
it is deterministic. However, it can have an arbitrarily large bias. We instead suggest that these scores
should be viewed as unnormalized distributions on entries which to evict, allowing us to later reuse
them as a proposal distribution to correct for the distortion caused by eviction through self-normalized
importance sampling. This is an attractive option because self-normalized importance sampling has
reasonable upper bounds on bias and variance [23. [1]]. Figure [T|summarizes our approach.

In summary, our contributions are as follows:
1. We show that KV eviction is NP-complete (Section [3);

2. We formalize KV eviction as an expectation estimation problem and show an asymptotically
correct estimator for the decode time expectation with bounded bias and variance (Sections 4]

and B);
3. We show the interplay of bias versus variance in this estimator and how existing eviction
methods are subsumed by this framework (Section [6|and Appendix [D));

4. We empirically validate our findings by showing that coupling probabilistic eviction and
decode time correction is not only competitive at the same compression budget but is more
robust across different tasks (Section[7).



2 Preliminaries

We start by briefly introducing notation and reviewing the attention mechanism of Vaswani et al. [25]]
as well as the concepts of KV caching and KV eviction. Throughout this paper, we shall denote
random variables (RVs) as single upper case letters (e.g. X, Y, Z), their values or scalars as single
lower case letters (e.g. x, ¥, 2), sets as bold letters (e.g. X,Y , Z for RVs or x, y, z for values),
and sequences or matrices as bold upright lower and upper case letters respectively (e.g. x,y, z for
sequences and vectors, and X, Y, Z for matrices).

Attention. Let K, Q,V € R"*? be the key, query and value embedding matrices for a particular
attention head, where n is the token sequence length and d is the embedding dimension. Attention is

computed as
.
O := softmax (%?) -V, @))

where the denominator inside the softmax is often omitted as it is mostly used as a regularizer during
training (and here we shall do so as well). This computation ultimately yields a matrix O € R™*¢
corresponding to the attention values for each of the n entries. The key, query and value embeddings
for the next layer are then computed as a function of O.

KYV caching. The intermediate softmax computation is n X n which can be prohibitively large at
longer sequences. Because generation depends only on the next token attention values, it is therefore
useful to, instead of fully computing the softmax matrix in Equation (I)), compute only the last row of
the softmax matrix and cache K and V at each attention head

T Ixn 1 nXd 1xn nxd
T 1 T—nW [
o = softmax(Q_1 ‘K > -V =softmax([k; - qn]iey) - V; 2)
1ud (I R T [
X 1xd dxn 1xd dx1

where here we annotate matrices and vectors with their dimensions for clarity. The cached keys and
values ki, ko, ..., k, and vy, va,..., v, are then reused in the next n + 1 forward pass.

KY cache eviction. One popular strategy to further speed up computation is to further reduce the
softmax computation in Equation (2) to a subset of entries. Let I C [1..n] be the set of indices of
which entries to keep, where here we denote [i..5] as the set of positive integers in [¢, j]. The KV
cache evicted attention of an attention head with kept entries I is given by

oy := softmax ([k; - qnl;c7) - V1, 3)

where V indicates indexing the rows of V with I. The remaining entries not in I are evicted from
the cache. This is KV cache eviction. The goal in eviction is to thus select an appropriate I such that
downstream performance is (ideally) unaffected or only slightly impacted. We refer the reader to
Appendix |A|for a discussion on related work.

Now that we understand the setting and the goal of KV (cache) eviction, we are ready to formalize
and study KV eviction. We start by showing its hardness.

3 KYV Cache Eviction is Hard

First and foremost we state the problem, its input and output.

Problem 1 (KVEVICTION).
Input. Matrices K, Q, V € Q"*¢, error ¢ € Q%, and compression ratio € (0, 1).
Output. Whether there exists a set I C [1..n] such that [I| = [n -] and

|softmax ([k; - qnl;cr) - Vi — softmax ([k; - q,]i;) - V| <e. “4)
Our reduction is from the PARTITION problem.

Problem 2 (PARTITION).
Input. A sequence of n integers v = (v1, v, ..., Up).



Output. Whether there exists a set I C [1..n] such that |I| = | %] and

S o=u,

VEVT uEVy

where we here denote v to mean the values in v not indexed by I.

Theorem 1. KVEVICTION is NP-complete.

Proof sketch. Without loss of generality, assume n to be even; set d = 1, r = 1/2, ¢ = 0 and
K = Q = 1,,«4, where here we denote 1,,,, as the all-ones matrix in Q™ *". Hardness follows
immediately by simply reducing the expression in Equation (@), which then yields the PARTITION
problem, which is NP-hard. If one can solve KVEVICTION for this case, then one can solve any
instance of PARTITION, meaning KVEVICTION is at least as hard as PARTITION. Membership in
NP requires some care to ensure that the softmax is computable in Q; still, this operation can be
approximated according to the precision of €. The full reduction and membership proof is stated in

Appendix O

The attentive reader might recognize that KVEVICTION is in fact an easier problem compared to
real-world KV eviction. In KV eviction, the goal is to preserve the attention head values at decode
time—i.e. the future time steps after entries have been evicted and are no longer available to compute.
Our results show that even preserving the attention head values at eviction time—when we have
access to all the ground-truth values—is hard.

With this in mind, our goal now is to exploit the structure of KVEVICTION in order to find principled
KV eviction approximations. We do so by a probabilistic interpretation of KV eviction, showing that
through this lens we obtain a richer space of eviction strategies.

4 A Probabilistic Interpretation of KV Cache Eviction

A natural yet crucial observation is that the softmax matrix in Equation (T)) induces n distributions
(one for each row of the matrix) over the n entries represented by each column. The resulting attention
value for an attention head is thus a matrix containing the dot product of these probabilities with the
values V. This amounts to computing the expectation of 'V under a distribution p; (V') parameterized
by q; and K. It is important to note that this distribution is not over the space of values R™*<, but
rather is a categorical distribution over the n entries (i.e. indices) that map to V.

pi(V) n
softmax (Q . KT)~V = [ softmax (qi . KT> ]?:1~V = ZZ%‘(V =vV;)-V;j = [E,, [V,

&)
In short, attention is nothing more than computing expectations. When using a KV cache, this further
reduces to simply computing a single expectation of a d-dimensional vector on the last row. This
provides an interesting framework for KV eviction: Each entry now has a clear distribution associated
to it and can—within the setting of KV eviction—be interpreted as the probability distribution of
keeping that entry. The goal of KV eviction then becomes to find a subset I that estimates future
expectations with least bias and variance.

Interestingly, existing eviction methods usually base their eviction decision on computing some score,
either from p,, (V') or V, and then taking the top-k highest scored entries to keep [9, 21, 29]]. This is a
zero-variance yet clearly biased estimator (and in fact unboundedly biased), skewing the expectation
even at eviction time.

A simple and easy solution to achieve unbiasedness at eviction time is to select I according to samples
from p,, (V). For a given number of samples m taken with replacement from p,,(V'), I can be chosen
as the collection of unique entries in this set of samples. This provides an unbiased eviction estimator
at eviction time. In fact, one can use any proposal distribution 7 in order to probabilistically evict
from the cache and later adjust the expectation computation with importance sampling.



The choice of which proposal to use is open to the user as long as its support covers all entries. In
fact, existing top-k score KV eviction methods are easily subsumed in this framework by interpreting
these scores as an unnormalized proposal distribution 7 (Appendix [D)). Indeed, given a score eviction
strategy, there exists an infinite number of proposal distributions whose top-k also correspond to the
same top-k of that strategy. Top-k eviction corresponds to computing the expectation conditioned
on the k-maximum a posteriori (MAP) states as a proxy for the eviction time expectation, while
probabilistic eviction—i.e. sampling from 7 and choosing all entries which have been sampled at
least once—estimates the expectation through importance sampling.

So far we have seen that top-k is biased even at eviction time, while probabilistic eviction emerges as
an unbiased eviction time alternative. However, this discussion ignores the future; the distribution
at later steps will have missing probabilities which can potentially cause further error to future
expectations. Thus, a natural question to ask ourselves is:

Goal. If we evict at time step ¢, can we correct Eq. (3) for the missing entries at time steps > ¢?

As we shall see in the next sections, we can make use of the proposal distribution and its samples
used in probabilistic eviction to correct decoding.

5 Correcting for Eviction

Given a sequence of length £, the task of KV eviction is usually to perform eviction on this sequence—
i.e. at time step f—and then generate new tokens at future time steps n > ¢. We shall call time step ¢
eviction time and any time step after that decode time. While at eviction time we have access to all
previous distributions [pi(V)]le, at decode time n > ¢ we only have access to the kept entries of
pn (V) (as well as cached keys K and values V). The usual treatment in the literature is to ignore
missing entries and compute attention as usual. However, this severely changes the distribution, as
this amounts to conditioning the distribution to restricting its support to only kept entries

pn(vi)-[i € IZLH

softmax ([ki : qn}ie[?) Vip = > Pn(Vvy)
]—GI{,L n J

'VIZ” = Pn (V|I?)'VIZ” =E,, [V|Itn] )

(6)
where I]" := I U[t + 1..n]—i.e. all the kept entries and all the entries generated after eviction time—,
and [-] denotes the Iverson bracket. This means that the contribution of each entry will be excessively
boosted or diminished by the normalizing constant proportionally to the probability mass evicted.
Furthermore, because K, V and Q are all computed as a function of the attention values of the
previous layer, any error—even if small—propagates and is amplified to all following layers and
future generations.

=1

To correct for this, we utilize self-normalized importance sampling to adjust the probabilities at
decode time [20, 15, [23]]. This requires we exploit the probabilistic interpretation introduced in
Section4] In summary, given a proposal distribution 7 at eviction time ¢, we sample entries from 7,
record their counts, and evict any entries that have not been sampled. At decode time, we then use m
and the sampled counts to correct for eviction through self-normalized importance sampling. We
now describe this process in detail and show that the corrected expectation estimate is asymptotically
correct. To do so, let us first properly define the tools we are going to use.

Definition 1 (Self-normalized importance sampling). Let (X ) be an unnormalized probability
distribution over an RV X that can take n values, p its normalized distribution, and 7 (X) a proposal
distribution also over X . Given m samples from 7, the function ¢(x) maps the value x to the number
of times z has been sampled from 7. The self-normalized importance sampling estimator for the
expectation E,, [X] is

N\ B(zi)

1 n
mi3 % Z;L:1 C(%)%

(X5 p,m,m) =



Algorithm 1 IMPORTANCEATTENTION

Input KV cache K,V € R"*4, sample counts [¢(v;)];c1, proposal 7, current query q,, € RY.
Output Corrected attention o € R?

~ T . eqele . .
I: P < exXp (qn -K ) > Unnormalized probabilities of non-evicted entries
20wy c(vy)/(m-7(v;)), Vi € [1..t] > Weights to be applied to the unnormalized probabilities
30 31 Z§=1 w; - P (Vi) > Normalizing constant for the eviction time entries
4 Zygy1m Z?:t +1Pn (vi) > Normalizing constant for the decode time entries
50 fl1.g < 22:1 w; - P (Vi) - Vi > Estimated unnormalized expectation for eviction time
6 ftg1in < D oiy 11 Pn(vi) - v > Exact unnormalized expectation for decode time
7 0 4 ‘2217’;;*11" > Corrected attention value after normalization
8: return o

Our goal is to estimate the expectation at decode time n. In order to do so, we slightly massage the
expectation into a more appealing expression

22:1 Dn (Vz) -V + Z;L:H_l Dn (Vi) © Vi

Z?:l 1571, (V1)

n
Epn, [V] = an(vi) CVp =
=1

Es; [Vy. Es [Viiq. . .
= o [ Lt] a1 [ t+1.n] =FE a. [V] R + E (t41:m) [V] L Pln
z Pn 21t + Zt41n Pn 21t + Zt41n
=|E a0 [V] p(T <) +E r1m [V] - p(T > 1). ®)

We use the superscript to denote the distribution restricted to the support specified by the interval and
then renormalized accordingly p(**) (X)) := [p(x;)/s3k p(zl)]jzi. Similarly, V., is used to denote a
restriction on the values of V to {v; };?:i. Lastly, we use z to denote the normalizing constant and
correspondingly z;.; := Z;‘:z Pn (v;) to mean the normalizing constant for that interval.

The final expression in Equation (8) tells us that we may decompose the expectation into two local
expectations: before and after eviction, as long as we weigh them appropriately according to p(T" < t)
and p(T > t). The local expectation after eviction E +1m) [V] can be computed exactly: all entries
are available. However, the local expectation before eviction contains missing entries and thus needs
to be approximated. Indeed, both p(T" < t) and p(T > t) also need to be approximated as their
denominator is the normalizing constant z. To do so, we define the following estimator.

Definition 2 (Attention estimator). The estimator for corrected attention is given by
i (Vim) i= (V3 pE0 o om) - p(T < t) + E ) [V]-p(T >t), )

where i is a self-normalized importance sampling estimator that uses the unnormalized distribution

ﬁq(iu) as the target distribution and 7 as the proposal. The probabilities p(T' < ¢) and p(T' > t) are

approximated by aggregating the importance weights from ju,,: 21, = 1 Z;: 1e(vy) ﬁ;‘((v‘;")).

This estimator is asymptotically correct w.r.t. the desired expectation estimand (see Appendix [C).
Proposition 1. If supp(7) D supp(pr), then lim, 00 1 (V;m) = E,, [V].

Note that although i, (V'; m) is still biased for a fixed number of samples m, this only comes from the
self-normalized importance sampling estimator, which has both bias and (mean squared) error upper
bounded by O(1/m) [1} Theorem 2.1]. In other words, more samples reduce this error significantly.
This bias can be further reduced by applying any bias-reducing method for self-normalized importance
sampling to 1, (V;m) [[7]]. In contrast to this bound, existing KV eviction methods deterministically
keep the top-k entries according to some score on either p; (V) or V and thus are zero-variance yet
unboundedly biased [21) 29} 22].

Equipped with Definition [2| and Proposition |I} we can now explicitly construct the correction
algorithm for decode time. Algorithm [I]shows how to compute the corrected attention value for a
given attention head. Note that here we simplify the algorithm and notation due to space constraints,
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Figure 2: KV eviction is a game of trading bias for variance and vice versa. The plot shows mean
absolute error (y-axis) of the attention values for the first token after an evicted prompt on L1ama3
averaged across all heads (see Appendix [E]for details) for different compression ratios (z-axis). Bias
and variance are low at lower r, since m (number of samples) is high. As r increases, m decreases,
causing variance to increase more than bias. Higher importance weight temperatures 7 decrease the
variance, causing the error to decrease at extremely high r’s.

but one must be careful when computing the corrected probabilities: an entry ¢ is evicted iff ¢(v;) = 0,
meaning that p,, (v;) will be undefined. Any entry which is missing due to eviction should be properly
ignored in the computation.

Ultimately, the pipeline is as follows: at eviction time ¢, (1) construct a proposal distribution 7(") for

each attention head h, and (2) sample counts [c(") (v;)]{_,. At decode time n, (3) compute attention
following Algorithm

Some attention has to be paid when dealing with grouped query attention [2]: Because every attention
head in a group G = {hq, ha, ..., h,} shares the same K and V caches, ingroup eviction and
correction have to be consistent. To do so, we use one proposal 7(&) per group, ensuring that the
support of (&) contains the support of every attention head distribution by constructing a mixture
of each head proposal (&) (v;) := Z?Zl a; - i) (v;), where every a; € A9~! comes from the
(g — 1)-simplex.

So far, our contributions have been either theoretical or philosophical. In the next section, we
empirically validate probabilistic eviction and correction, studying the role of bias and variance in
KV eviction.

6 Bias vs Variance

Although bias and variance share the same asymptotic upper bounds in self-normalized importance
sampling, in practice they may present distinct behaviors [[1]. In this section, we show that by
decreasing the variance at the cost of more bias, we are able to achieve lower error under certain
conditions. To do so, we introduce a temperature scaling parameter T € [0, c0) to the importance
weights. We then replace Line 2]in Algorithm [I] with

w; — exp (i log <C(V)>> Vi€ [1.4]. (10)

m - (V)

When 7 = 1, Equation reduces to the same expression as Line[2} when 7 — oo, it is equivalent
to not applying correction since w; approaches 1. This reduces variance, since the stochasticity
comes from the samples of the proposal distribution, which can be amplified by the correction. By
suppressing correction, variance is reduced. Temperatures below 1 cause Algorithm [I]to give more
importance (i.e. probability mass) to entries in [1..t] compared to decode time entries.

Our goal is to show the impact of bias and variance in terms of the mean absolute error (MAE)
between the estimated expectation and the ground-truth expectation. Given a prompt x and a first
response token y, we compute the KV cache (K, V) on x and apply probabilistic eviction using
a proposal 7 constructed from the scores of the H20 eviction method [29] (see Appendix [D|for
details). This results in an evicted KV cache (K, V). We then compute the average error between
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Figure 3: Probabilistic eviction achieves competitive performance. Probabilistic eviction with
correction performs best at lower to middle ranges, when there are enough samples to achieve a lower
variance and bias. Solid lines show our approach, dashed lines show existing eviction methods.

the uncorrected oy and ground-truth o attention values &,,., and between the corrected i, (V;m)
and ground-truth attention values ., across all i attention heads

1 i i 1 i i
Eune = 7 Z ’0(‘) —0(1) » Eeor 1= Z ‘0( ) —,ugl)(V;m)‘. (11)

=1 i=1

Finally, we compute the error £, between the ground-truth and H2O’s estimation of the attention.

In order to provide a fair comparison of €¢o; and eype against €y, We constrain the compression ratio
to be the same for every attention head. To do so, for each attention head, we select a number of
samples that achieves, on average, the desired compression ratio. In Appendix [F} we discuss how this
problem relates to the classical coupon collector problem and provide a tractable approximation with
negligible error in practice.

Figure [2| shows the average errors across compression ratios r € [0,1] and temperatures 7 €
{1,2,5,10,50} for Llama3.2-3B [[L6]; prompt x and first token y are described in Appendix
Lower compression ratio 7 implies a higher number of samples m. When m is high, bias and variance
are low; when m is extremely low, variance is very high, causing .., to be much higher than ey,.
This is where temperature scaling provides an improvement by reducing the variance at a cost to
bias. As the middle ranges of r show, increasing bias when variance is already low harms estimation
quality. The ey, curve does not match with ., because eviction is done stochastically, while H20
greedily evicts the top-k. This shows that even probabilistic eviction by itself allows for less error. As
r approaches one, the probabilistic choices all collapse to the top-k, which is when ey and €, meet.

In this section, we showed how correction allows for a trade-off between bias and variance. However,
in practice bias plays a much larger role in attention error. This motivates the shift from low-variance
high-bias to higher-variance low-bias estimators. As we shall see in the next section, corrected
probabilistic eviction tends to produce more robust estimators compared to existing zero-variance
unbounded bias KV eviction strategies due to reduced bias.

7 Robustness

In this section, we show that zero-variance estimators suffer from a heuristic misalignment, where the
fixed bias introduced by these heuristics can cause catastrophic failures in certain tasks. To do so, we
compare probabilistic eviction against four popular existing KV eviction methods: Streamingl.LM
[26], SnapKV [21]], TOVA [22] and H20 [29]. All of these methods are implemented in KVPress,
which we use for evaluation and our own implementation [10]. We evaluate L1ama3.2-3B [[16] and
Qwen3-4B [27] on two standard KV eviction benchmark datasets: LongBench [3] and RULER [18]].
Due to compute constraints, we evaluate RULER on a subset of 130 examples and on all instances of
the HotpotQA, QASPER and TriviaQA splits of LongBench whose context prompt is shorter than
3,000 tokens.



Llama3

LongBench
T T T T

0.8

0.7 0.8 0.9

Win score (—)

0.7

| | | | S | | | | | | | |
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Compression ratio (1)

’ = TTH20 = TTH20-h T'min Tmin-h = = + H20 = =« K-norm = =+ SnapKV = =« StreamingLLM = = - TOVA

Figure 4: Probabilistic eviction can make eviction more robust for different tasks. Win score val-
ues for four proposals (720, TH20-h> Tmins Tmin-h) and five top-k estimators (H20, K-norm, SnapKYV,
StreamingLLM, TOVA). myin.n achieves best ranking across datasets and models, showing more
robustness when minimizing variance and lowering bias.

To evaluate probabilistic eviction, we propose four different proposal distributions: Tmin, Tmin-hs TH20
and 7o, Which we formally define in Appendix [H| and provide proper probabilistic semantics.
Intuitively, 7, computes the minimum variance proposal distribution for the last query at eviction
time ¢, Tpo computes a probabilistic version of H20 where scores are normalized and used as the
proposal distribution, 7y;,.n computes the minimum-variance proposal for a distribution where all
previous time steps are marginalized and weighted by a harmonic prior A, and 0., computes H20
with a harmonic prior h;.

In these experiments, we constrain the compression ratio at the global level: given a compression
ratio 7, we choose a number of samples m such that, on average, the aggregated compression ratio
of all KV caches is r. This is achieved by a similar mechanism to the one for locally constraining
each attention head to a specific compression ratio. Section [F.I| shows how this can be done and
Section[F2]provides empirical evidence that the error between the achieved compression ratio and
target compression ratio is, in practice, insignificant. Although the overall compression ratio is fixed,
every attention head will adaptively choose a suitable compression ratio depending on its distribution.
This allows for attention heads that require a lower compression ratio to automatically consume the
budget of heads that do not. Interestingly, this results in compression ratios that follow a pattern of
lower compression at lower layers, and higher at higher layers (see Section[[.3]and Figure[9). This is
in agreement with the findings of Cai et al. [6], which suggest that allocating more budget to lower
layers and less to higher is preferable.

Figure 3] shows the average total score in LongBench and RULER for the four previously mentioned
proposals and five top-k existing eviction methods. This is computed by averaging the score at each
split, weighing them by the fraction of examples in that split and then adding all of these weighted
scores together. The average score of each split is given by a scorer function suited to that split
fepiit + £ — [0, 1] that takes in the text generated by the (KV evicted) LLM and attributes a number in
[0, 1]. For example, HotpotQA uses F1 as the scorer function, while the NIAH (needle-in-a-haystack)
split of RULER uses exact string matching. Results show that probabilistic eviction and correction
achieve better performance or are at least as competitive as the state-of-the-art.

Because these average total scores aggregate over many tasks, they can hide the behavior of eviction
methods for certain tasks. For example, on L1ama3 Streamingl.LLLM ranks first on the QuestionAnswer
split, yet dead last in MultiKey-NIAH (see Figure[5). Similarly, on Qwen3 K-norm is consistently
in the top-3 on the MultiKey-NIAH split, yet last in CommonWords (see Figure[6). To account for
these catastrophic failures, we measure the pairwise win scores of each method. Specifically, we
assign a rank from O to n — 1 to each method based on how well it performs compared to the other
n — 1 methods. The method with the lowest score gets a rank of 0, while the method with the highest
score gets a rank of n — 1. If multiple methods achieve the same score, they are all given the rank
corresponding to a win against the other tied methods. Ranking is repeated for all the examples in the
task, after which the ranks are normalized by the number of examples in the task to ensure all tasks
contribute equally. We refer to the normalized average rank across tasks as the win score.



Figure 4] shows the win score for each proposal and eviction method. Notably, Tin-n consistently
ranks at the top, showing that it is most robust compared to other methods. Probabilistic eviction
tends to do better at low to middle ranges, as there are enough samples to decrease the bias and
variance. However, even at higher compression it performs competitively against other eviction
methods. Note that when the compression ratio is extremely high (i.e. close to 1.0), all methods do
equally poorly, as most of the prompt has been evicted. This is shown as most, if not all, curves
increasing in Figure [d] as ties are also rewarded in this scoring.

8 Conclusion

The goal of this paper was to formalize KV cache eviction and in doing so find principled KV eviction
estimators. As a result, we showed that KV eviction is NP-complete, and revealed that through a
probabilistic interpretation KV eviction is nothing more than an expectation estimation problem. In
our quest to characterize this, we found that existing KV eviction methods are zero-variance yet
unbounded bias estimators and that a good KV eviction strategy should reduce bias and variance in
order to best approximate future expectations. To this end, we proposed a self-normalized importance
sampling estimator with reasonable upper bounds on both bias and variance. We then empirically
showed that this class of estimators achieves competitive performance against state-of-the-art eviction
methods yet are more robust at different tasks. This paper opens up an exciting and promising avenue
to developing new KV eviction estimators. We hope that framing KV eviction as an estimation
problem and connecting the field of statistical methods with KV cache eviction generates fruitful new
research not only within KV eviction but also across other KV cache compression techniques.
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Related Work

KV eviction has received significant interest for the purpose of speeding up inference in large language
models. Following the taxonomy given by Chen et al. [8]], we categorize KV eviction methods as
position-based, attention-based, embedding-based, and hybrid. The most notable examples of each
respectively are StreamingLLM [26], TOVA [22], K-norm [9]], and SnapKV [21]]. All these methods
can be framed as top-k score eviction methods with zero variance and unbounded bias. The problem
of correcting for the distortion caused by eviction has not been, as far as we know, properly addressed,
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although it has been recognized in the literature: Zhang et al. [29] acknowledge the issue in passing,
while in contemporary work, Zweiger et al. [30] identify this problem but only as a motivation for KV
cache compaction, a more compute-intensive strategy for KV cache compression. The probabilistic
interpretation of attention as expectation has previously appeared in the literature as a Bayesian
perspective to attention [24} 4], although with no connection to KV eviction.

B Hardness
Theorem 1. KVEVICTION is NP-complete.

Proof. We first show hardness. We shall reduce from the PARTITION problem. Assume 7 is even
(without loss of generality); setd = 1, r = %, e =0and K = Q = 1,,«4, Where here we denote
1,,xn as the all-ones matrix in Q™*", and similarly 1,, as the all-one vector in Q™. Thus, the
problem boils down to deciding whether

softmax (III\) -V = softmax (1,,) - V.

Note that the softmax terms on the left and on the right are equivalent to uniform distributions over
|I] and n elements respectively. Thus, we may rewrite the above equation (after expanding the matrix

multiplications) as
1 1
ERP AP I

2 vEV] uev
From the previous equation, it follows immediately that

Yo=Y

vEV] uEVT

We have thus shown that any instance of KVEVICTION is at least as hard as any instance of
PARTITION. Since PARTITION is NP-hard, KVEVICTION is also NP-hard.

We now show membership in NP. The main issue is computing the softmax function in a Turing
machine. We invoke Brent and Zimmermann [5]], where the authors show how to compute exponents
and division up to arbitrary precision in time polynomial in the number of bits. In our case, the
number of bits needed is directly specified by €, meaning that one only needs to compute the softmax
up to the precision of parameter €. Thus, it suffices to define the verifier to be Equation (), which
can be done in time polynomial in the precision of ¢, n and d. Therefore KVEVICTION is in NP and
so is NP-complete. O

C Correctness
Proposition 1. If supp(7) D supp(py,), then lim,, o0 ptr (V;m) = E,, [V].

Proof. We want to show that

21 Zt41n
e 4B g V] i =, [V].  (12)

lim [ (V;pn,m,m) - - 21t + 241
. n

m—oo 21t + Zt+1:n
The first thing to note is that both Epuﬂ:n) [V] and z¢41.,, can be computed exactly as we have access

to [P (vi)]}, 41 Thus, we need to show that both () @t (V;pp, m,m) and (ii) 2;.; correctly compute
the desired estimands in expectation.

We first show (i)

m  Pn v i B (V3
P - . %'Ziﬂ%'v() . %~Z§:16(vi)-%~vi

lim i (V;pp,m,m) = lim - NI R lim — - Pt

m— o0 m—00 = Zi:l :(v(i)) m— o0 - Zi:l C(Vi) . ﬁ
(13)

Sty My E o [V]2
ST oky = =E, 00 [V, (14)
2 iz (Vi) - o) z n
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where the superscript v(?) indicates the i-th sampled entry from 7 and the step from to is
due to our assumption of supp(7) 2 supp(pn)-

The same applies to (ii)

(i) t - ¢
pu(v?) 1 pn vi pn Vz)
ggnoom—n}gnma Z ~(v®) = Jim > elvi) =Y _7(vi) vy =

i=1 =1

15)

Now that we have shown convergence of these estimators, equality follows directly

E_q [V] +E_¢t1:m) [V]
. Z1:t Zt41: n n

i (V500) = By [VE S4B g [V 212 = B, V.
(16)
O

D Score-based Eviction Methods as Probabilistic Eviction Policies

Any eviction method based on scores can easily be subsumed by probabilistic eviction. In fact, there
exists an infinite number of proposal distributions that share the same top-k as the score strategy. In
this section we show a few examples and how they can be turned into proposal distributions.

StreamingL.LLM. StreaminglLLLM selects the first four entries and a rolling window of the last £k KV
cache entries to keep, and evicts the rest. Any proposal distributions that have the first four and last k&
entries as modes are obviously equivalent in terms of their top-k modes; for example, a mixture of
any monotonically increasing distribution with a distribution whose support consists of the first four
entries.

H20. H20 scores are based on the probabilities p(V') and computed as
scorepo (Vi) Z p] Vi). (17

Intuitively, each column in the softmax matrix is summed out. A proposal distribution can be achieved
by simply normalizing these scores

scorepo (V)

> i1 scoremo (V)

7TH2O(Vi) = (18)

K-norm. The K-norm scores are computed from the negative L? norm of the V matrix. This gives
an n-dimensional vector, with a score for each entry

Scoreknorm(vi) = ||VZH2 =

Because V may contain negative numbers, we apply a softmax instead of the usual normalization.
Thus, the proposal distribution for K-norm is defined as

exp (scorexnorm (Vi))

31 exp (scoregmom(V;))

19)

Tlknorm (Vi ) -

TOVA. Scores are given by the average p;(V) (i.e. the last query’s distribution) across all heads in a
layer. Let hy = {hy, ha, ..., h;} be the set of all attention heads in a given layer L. The score for
each attention head h, € h is given by

scoreTOVA( ) : T Zpt (Vi) (20)

The proposal distribution for TOVA is

scoretova (Vi)
i1 scoretova(V;)

7TTOVA(Vi) = 2n
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SnapKYV. The process of obtaining the SnapKV scores is more involved and requires computing
an average pooling of p(V) for a given kernel and window size. In short, SnapKV computes a
column average of p(V) similar to H20, applies a 1-dimensional pooling on this tensor, and then
averages this again at the same dimension. We define the proposal distribution for SnapKV to be the
normalized scores across entries, similar to the previous proposals.

D.1 Adjusting the Proposal Distribution

Any of these proposals can be equipped with other mechanisms for adjusting these probabilities. As
an example, it is possible to apply a temperature scaling factor 7 on these proposal distributions

exp (£ - score(v;))

Z;Zl exp (£ - score(v;))

" (Vi) =
in order to decrease variance, or mix the proposal with a uniform in order to decrease bias

1
©(vi)=a-7(v;)+ (1 —a)- o where « € [0, 1].

E Prompt and Question for MAE Error

The prompt x consists of the tokenization of the following text:

The Roman Empire was one of the largest and most enduring political entities in
ancient history, reaching its greatest extent under Emperor Trajan in 117 CE when
it spanned from Britain to Mesopotamia. Rome evolved from a monarchy to a
republic before Julius Caesar’s assassination in 44 BCE precipitated civil wars.
Augustus emerged victorious and became the first emperor in 27 BCE, initiating
a period of relative peace known as the Pax Romana. Roman law, architecture,
and administrative practices shaped European civilization for centuries. Latin, the
language of the Romans, evolved into the Romance languages including French,
Spanish, Italian, Portuguese, and Romanian. The western empire collapsed in 476
CE, while the eastern half survived as the Byzantine Empire for nearly a thousand
more years.

While the first token y is given by the first element in the tokenized sequence of the following string:

Who was the first Roman emperor?

F On the Relationship Between Number of Samples and Compression Ratio

It is often useful, at a practical level, to control how much of the KV cache is evicted. For example, a
practitioner might want to preserve as much generation quality given their GPU memory budget. This
materializes as a so-called compression ratio r that describes the percentage of compression of a KV
cache: when r = 0, no entries are evicted, r = 0.5 indicates that half of the KV cache is evicted, and
r = 1 means all of the entries are evicted. The probabilistic eviction procedure described in Section[d]
makes no such distinction: given a number of samples m, it automatically sets a compression ratio
based on the number of unique entries it has sampled. This problem is probabilistic in nature: in
order to set an r, one would require finding an m s.t. a compression ratio of r is achieved on average.

Problem 3 (EXPECTEDSAMPLES).
Input. Sequence length n, proposal , target compression ratio r* € [0, 1), error tolerance £ > 0.
QOutput. An m € N such that

[Ex[J(m)] —5*| <&, (22)

where j* = (1 — r*) - n, and J(m) is a random variable denoting the number of unique values
sampled after drawing m samples with replacement from 7.

This can be reduced from the classical Erd6s and Rényi| coupon collector problem [11].
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Problem 4 (Coupon Collector’s Problem—CCP [[11]).

Input. Set of coupons @ = {a1,as,...,a,}, each with probability p(A = a;) of being issued,
and a target number of unique coupons j* € N.

Output. The expectation of the number of coupons that need to be drawn from a with replacement
until at least j* unique coupons are sampled.

In the KV eviction setting, the n sequence positions correspond to coupons, sampling from 7
corresponds to drawing coupons with probabilities p(A = a;), the number of samples m corresponds
to the number of draws, and j* is the number of distinct sampled positions/values. As these
probabilities are discrete, the solution [14] is

iT-1
. —qg—1 1
E[m] = —q)it e (T 23
ml= 3 (o Y ) )
q=0 |s|=q
where the inner sum is over all subsets s C {1,...,n} with [s| = ¢, and ps = >, ., p(A = a;).

Complexity. Evaluating Equation naively requires exponential time.

Proof. Leta = (—1)7"~1-4 (”—‘1_—1) and 8 = le‘:q ﬁ. Equation can now be written as

n—j*
E[m] = Z ap. (24)

The amortized complexity of evaluating « is O(1) if we use a lookup table. For 3, there are (Z)

subsets s such that |s| = ¢, and each subset sums over ¢ probabilities. As n increases and ¢ varies,
evaluating (8 scales exponentially. Therefore, evaluating Equation (23) naively requires at least
exponential time.

O

Although Equation (23] gives us the exact solution we need, it is computationally infeasible to
compute it in the naive way. In fact, as far as we know, this problem has not been shown to either be
in P or NP-hard. Our conjecture is that Problem E]is in fact intractable, and thus cannot be computed
exactly in polynomial time.

To solve Problem [3|efficiently, we consider a different approach. Intuitively, we do not need to know
the exact number of samples m € R>( to draw j* unique values. For the purposes of KVEVICT, m
is a non-negative integer, which reduces the search space massively, especially given a suitable upper
bound. Therefore, we can utilize a trial and error approach optimized by binary search. Instead of
obtaining m directly given n, 7, and r*, we repeatedly guess what m should be and (quickly) verify
if/how our guess m needs to be updated for the next guess by comparing the expected number of
unique values sampled E,[J(m)] to the target j*.

Theorem 2. Algorithm 2]solves Problem 3| (EXPECTED SAMPLES) with error [E.[J(m)] — j*| < e,

where € = 0.5; assuming full support on 7.

Proof.

1. We first show that line 6 in Algorithm [2]gives us the expected number of unique values sampled
(19]

n

Er[J(m)] = (1= (1—m(v:))™). (25)

i=1

Let J; be the indicator random variable for position i: J; = 1 if v; is sampled, 0 otherwise. For
the i-th position,
E;[Ji(m)]=p(Ji=1)=1— (1 —7(v;))™. (26)
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Algorithm 2 EXPECTED SAMPLES

Input Sequence length n, proposal distribution 7(v) = [7(v1), m(va), ..., 7(v,)], target compres-

sion ratio 7* € [0, 1], and error tolerance & = 0.5.

Output A non-negative integer m such that [E.[J(m)] — j*| < e, where j* = (1 — r*) - n, and

J(m) is the random variable denoting the number of unique values sampled after drawing m
samples with replacement from 7.

g+« (1=r*n > Target number of unique values sampled
2 o+ 10'2 > Large constant; existence of a valid « is guaranteed
3: low < 0,high + « > by Part 2 of Theorem 2]
4: while low < high do > Binary search
5 <« [(low + high) + 2]
6: E-[J(m)] < Y7, (1 — (1 — m(v;))™) > Expected number of unique values sampled
7: if |[E;[J ()] — j*| < € then > Target j* reached
8: m<—m
9: break
10: else if E[J(1)] < j* then
11: low <1 +1
12: else
13: high+ m—1
14: return m
We want the total expected number of unique values sampled J(m) = >_." | J;. By linearity of
expectation,
n
B[ (m)] = Ex[Ji(m)+J2(m)++ -+ ZE = (1= =m(w)™).
i=1
27
2. We show that i) E.[J(m)] is non-decreasing in m and ii) that there exists a finite upper bound
a such that B, [J(«)] > j*.
i) Each term (1— (1—m(v;))™) is non-decreasing in m as 7(v;) € (0, 1] implies (1 —7(v;))™ €
[0,1), making (1 — 7 (v;))™ non-increasing. Hence, E[J(m)] is non-decreasing in m.
ii) Assuming 7 has full support (7 (v;) > 0 for all 4), since each (1 — 7(v;)) < 1, we have
(1 —7(v;))™ — 0asm — 00, s0 Ex[J(m)] — n > j*. Hence, a finite a with E.[J(«)] > j*
always exists. In practice, we simply set & = 10'2 rather than computing o from 7, which
suffices in all realistic settings.
3. Finally, we show |E,[J(m)] — j*| < &, where ¢ = 0.5. The difference between consecutive

number of samples m € Z is given by

E.[J(m+1)] — zj; (1 —m(vy))™*) XE (1— (1 —7(v:)™) (28)
= i (1= =7(a))™) = (1= (1 =m(v:))™)) (29)

= Z_: (1 =m(v)™ = (1 = 7(v;))™ ") (30)

i 1—m(v))™(1 — (1 = 7(vy))) = é(l — ()" (1) 31)

Because 0 < m(v;) <1Vi=1..n, (1 —n(v;))™ < 1. Therefore,
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n

E.[J(m+ 1)] —E;[J(m)] = Z(l —7(vy)) "7 (v;) < Zﬂ'(vz-) =1. (32)

i=1

We now prove by strong induction that for every j* € [0, E[J(m)]], there exists m’ < m with
[E[J(m)] — j*| <0.5.

Base case (m = 0). E;[J(0)] = 0, so the only j* in [0, 0] is j* = 0, and |E,[J(0)] — 0] =0 <
0.5.

Inductive step. Assume that the claim holds for all m’ < m. Let j* € [0, E.[J(m)]].

o If j* < E,[J(m — 1)], there must be some m’ < m — 1 with [E.[J(m/)] — j*| < 0.5
following the assumption.
o If j* € (Ex[J(m — 1)], Ex[J(m)]], then
j*

(Ex[J(m)] = %) + (" = Ex[J(m = 1)]) = Ex[J(m)] = Ex[J(m - 1)] <1, (33)

>0 >0

so at least one term is < 0.5, meaning either m or m — 1 satisfies the bound.

Conclusion. By strong induction, for every j* € [0, E.[J(m)]], there exists m' < m with
[E[J(m")] — j*| < 0.5.

O

Remark 1. Theorem 2]assumes 7 has full support, which holds in practice as softmax assigns
some probability to every token. However, if attention is highly peaked, there can be many v;
where 7(v;) & 0, causing these tokens to be rarely sampled. As such, achieving low compression
ratios (large j*) may require an impractically large m. While this is theoretically an issue,
empirically it does not arise at reasonable compression ratios (r* > 0.1), where tokens with
near-zero attention weight are inconsequential anyway.

Complexity. Algorithm[2]is O(nlog(a)).

Proof. Evaluating E.[J(712)] in Equation (25) requires O(n) time as we sum over ¢ = 1...n. The
binary search is bounded by «, resulting in O(log(«)) complexity. For each trial in binary search,
we evaluate E, [.J ()], so the total complexity is O(nlog(a)). O

F.1 Globally soft constraining the compression ratio

We now consider the case of constraining the compression ratio at a global level. Before, we set the
number of samples m to be such that the compression ratio of an attention head would be on average
a target compression ratio 7*. To do this, we needed to be able to compute the expectation E[J(m)].
This can be easily done as we have access to 7(v;), as we saw in the previous subsection. However,
this is not optimal. By constraining each attention head, we are effectively forcing each attention head
to select a possibly unnatural choice of compression ratio; for example, consider the case where the
sequence length n = 4, 7 = (0.8,0.0998,0.0001, 0.0001) and m = 100: the expected compression
ratio for this m is
EdlJ(m)] _, 2
n - 4

But if we set a target compression ratio r* = 0.75, then we require m ~ 7000 samples in order
to achieve this without unbiasing the attention head output (on average). A similar argument can
be made to lowering the compression ratio: setting r* = 0.25 requires us to go as low as m = 2
samples, which can introduce a lot of variance.

1-— = 0.5.

Thus, an attractive alternative is to (soft) constraint the compression ratio at a global level: instead of
per-head, we set a fixed number of samples for all attention heads such that the average compression
ratio across all headsﬂis (on average) a target compression ratio r*. Doing so is easy; we are interested

IThis is reasonable since all attention heads have the same size.
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Figure 5: Scores for each individual dataset split on L1ama3. Solid lines show the score for the
four proposals defined in Section [7] Dashed lines show the five top-k eviction methods.

in the expression E [% : 2?21 J@ (m) ‘ :c] , where J()(m) is the number of unique sampled indices
for attention head ¢ after m draws and x is the prompt. By linearity of expectation,

1 1 &
E[h-ZJ(”( ] EZE[J(Z) H Z]EW[ J0)( )M 34)

i=1 i=1

Note that the last equality is exactly the same expression we previously computed (we omitted the
conditioning on the prompt earlier). Thus, Algorithm[2]can be run at the global level in order to select
an adequate number of samples for a target compression ratio by only replacing E,.[J(m) | x] with

Equation (34).

F.2 Target vs Effective Compression Ratio

Table[T]empirically shows that when we set the target compression ratio in Algorithm[2] we obtain an
effective compression ratio with minimal error.

G Experimental Details

We use the evaluation pipeline and implementations of SnapKV, TOVA, H20, StreaminglLLM, and
K-norm available in KVPress v0.5.3 [10]. All experiments are run on two NVIDIA RTX A6000
(48GB) and eight NVIDIA RTX A5000 (24GB). All experiments can be run on a 24GB GPU, taking
approximately 3 to 5 seconds to completely run each example in either LongBench or RULER. The
full research project required more compute than what is reported in the paper due to preliminary
experiments as well as initial experimentation that either contained errors in implementation or were
not as competitive.
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Figure 6: Scores for each individual dataset split on Qwen3. Solid lines show the score for the four
proposals defined in Section[7} Dashed lines show the five top-k eviction methods.

H Minimum Variance Proposals and Priors

We define the following four proposal distributions

t
AT hj - |lvi
i (Vi) = tpt(Vz) lvill Toinn(v2) = > =103 (Vi) -y - [lvil| 35)
> =1 Pe(vy) - sl et e pi(vi) - By - vl
i1 (Vi) S pi (Vi) hy
TH2o(Vi) i= L 1t ’ ; o4 (Vi) = =7 =t T (36)
Zl 1 Zj:l pj(v1) > ZJ 1P (Vi) - By
where h; == [(t — j + 1) - H;]~" and H; is the ¢-th harmonic number.

In this section, we discuss what exactly are the semantics of these distributions. Proposal 7y, is well
known folklore result in the statistical methods literature [23]. It is simply the proposal distribution
that minimizes the variance for the expectation estimator for the last query attention value, i.e. E,, [V]:

Mean effective r (& std)
Target r TH20 TH20-h Tmin Tmin-h
0.1 0.0999 + 0.0003 0.1000 + 0.0003  0.1000 £ 0.0002  0.0999 + 0.0003
0.3 0.2999 + 0.0004 0.3001 4+ 0.0004 0.3000 + 0.0004 0.2999 + 0.0005
0.5 0.4999 + 0.0004 0.5000 4+ 0.0004 0.5000 + 0.0004 0.5001 + 0.0004
0.7 0.6999 + 0.0004 0.7000 + 0.0004 0.7000 4+ 0.0004 0.7001 + 0.0004
0.9 0.9000 + 0.0003  0.9000 4 0.0002 0.8999 + 0.0002  0.9000 =+ 0.0002

Table 1: Difference between target and effective compression ratio is insignificant for L1ama3 on
the RULER dataset. Results are similar for Qwen3 and LongBench.
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Figure 7: Importance sampling temperature scaling pairwise win scores. L1ama3 (top) and Qwen3
(bottom) pairwise win scores at different importance sampling temperature scale values 7.

the expectation at eviction time. Notably, it is a proposal that uses the values of V in order to choose
which entries to evict. None of the top-k eviction methods we compare and study make use of both
p(V) and V; see Appendix |§| for a description on how these eviction strategies compute their score.

Proposal yinp, extends this to all distributions {p;(V)}!_;. To be precise, recall that the softmax
matrix in Equation (5) p(V) at eviction time ¢ (i.e. during the prefilling step) is ¢ x ¢. The first
proposal T, ignores all of the first [1..£ — 1] rows, even though they may contain useful information
to decide on which entries to evict. We interpret these rows as a random variable 7' that, when used
to condition the probability of eviction, tells you which entries are best to evict. That is,

softmax (Q : KT) = [p(VIT =4)]'_,. (37)

This assumes that there exists a distribution on 7". We interpret this distribution p(7") as some prior
knowledge on how meaningful are each p(V|T = i) as i distances from ¢. In both i, and 7, we
set this to

1
hj:=p(T =j) = ( (38)

t—j+1)-Hy
The semantics of this prior is simple: we assume that each row has exponentially diminishing impor-
tance: we weigh each row according to the following sequence h = [%, ﬁ, ey %, %, 1] and then
normalize to get a probability distribution. The normalizing constant of sequence h is the harmonic
number #; = i _, +. and the probability of each row is p(T' = i) = [(t — j + 1) M)

To then retrieve the probability of each entry p(v;), we marginalize over all possible time steps

t t

p(vi) = p(vi,T=3) =Y p(vilT =3)-p(T = j), (39)

j=1 =1
which when using p(T' = j) = h; for either the minimum variance proposal or the H20 proposal,
yields Tmin-n and maoo-n respectively. Note that any distribution for p(7') is valid and results in a

different proposal. In fact, any proposal that ignores the first [1..£ — 1] rows contains a prior that is
degenerated at T = ¢, with zero probability everywhere else.

I Additional Experiments

In this section, we show additional experiments that supplement the claims in Section|[7}
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Figure 8: Importance sampling temperature scaling average total scores. L1ama3 (top) and Qwen3
(bottom) average total scores at different importance sampling temperature scale values 7.

L1 Per Dataset Split Scores

We show the eviction scores for each of the four proposals defined in Section [/|and the five top-k
eviction methods—namely, Streaming LLM, SnapKV, TOVA, H20 and K-norm—across all of the
splits of LongBench and some of RULER’s. Due to space and time constraints, we only show six out
of the 13 different splits in RULER.

Figure |§] shows the scores for L1lama3 and Figure |§| shows the scores for Qwen3. In both cases,
probabilistic eviction with correction tends to achieve better score performance. Notably, some
eviction methods that do well in certain tasks. For example, on L1ama3 Streamingl.LM ranks first
on the QuestionAnswer split, yet dead last in MultiKey-NIAH. Similarly, on Qwen3 K-norm is
consistently in the top-3 on the MultiKey-NIAH split, yet last in CommonWords.

I.2 TImportance Sampling Temperature

To further investigate the trade-off between bias and variance, we apply importance sampling
temperature scaling to the same experimental setting as described in Section[7} Figures [7] and [ show
the scores and pairwise win scores of RULER on Llama3 and Qwen3 across temperature values of
T € {1,2,3,4,5}. The plots show that, in most cases, the decrease in variance was not worth the
increase in bias. This suggests that bias is the more important issue to resolve in KV eviction.

L3 On the Behavior of Attention Head Compression Ratio

Given a fixed number of samples m, probabilistic eviction will automatically set the appropriate
compression ratio of each head in accordance with that head’s proposal distribution it samples from.
This means that different attention heads might have very distinct compression ratios then others.
Our findings show that this causes a distinct pattern in the distribution of attention head compression
ratios. We find that lower (closer to the input) layers tend to be allocated more of the cache budget,
while at higher (closer to the output) layers, less budget. This is a behavior that is reminiscent of Cai
et al. [6]’s PyramidKV, where lower layers are given more of the KV cache budget.

Figure [9] shows this pattern for different proposal distributions. Notably, Tmin.n tends to act more
conservatively, while w0 spikes rapidly at certain layers.
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Figure 9: Pattern of average compression ratio per layer when probabilistically evicting. Each
solid curve shows the average effective compression ratio when given a target compression ratio r.
The target compression ratio is shown as a dashed dark gray line. The average of all points in a solid
curve equals to the target r. This pattern shows that lower layers (closer to input) tend to evict less,
while higher layers (closer to output) evict more.

J Limitations

The ideal KV eviction method is not only zero-variance but also zero-bias. However, it is unrealistic
to achieve this, as to do so, correction would have to be perfect, meaning that it can perfectly recreate
the same KV cache from less memory than what was evicted. Our approach is also not perfect:
self-normalized importance sampling is biased and has variance greater than zero. However, this
estimator has reasonable upper bounds on bias and variance. This is in contrast to deterministic KV
eviction methods that do not apply correction: these are zero-variance estimators but their bias is
unbounded.

The bias of self-normalized importance sampling is upper bounded by O(m '), where m is the
number of samples. This upper bound indicates that if there is less compression, then it will be more
accurate—which is usually true for other eviction methods. Note that the inverse is not true: at a
reasonable compression ratio, if the distributions at the attention heads are sparse, then the effective
number of samples required to achieve a certain precision will be lower, meaning that in those cases
even a higher compression ratio can achieve lower error.

In terms of implementation, we show that we are able to achieve distinct compression ratios at different
heads. This requires a properly optimized KV eviction implementation to compute correction using
an efficient sparse tensors implementation. This is addressed by Feng et al. [13]], and can be extended
to our case. Further, correction requires an additional memory overhead of O(k - h - b) bytes, where k
is the number of kept tokens, A is the total number of attention heads in the LLM, and b is the floating
point precision in bytes. Asymptotically, this is dwarfed by the KV cache size itself and not a real
concern, as the cache size is O(d - k - h - b), where d is the embedding dimension.
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