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Abstract p .
L > HMM
Next-
Existing decoding algorithms for large language Token
models (LLMs) always rely on the information in 2 Adjusted
the current step. We argue that future entropy is Logits

also essential for LLM decoding. However, this
quantity is intractable for autoregressive LLMs,
since it requires marginalizing over exponentially
many continuations. We estimate it by comput-
ing the lower and upper bounds of it on a hidden
Markov model (HMM), which is distilled as a sur-
rogate of the LLM. By representing the HMM as
probabilistic circuits, we make its latent-variable
structure explicit and use it to derive an upper
bound and a novel lower bound on the circuit en-
tropy. On the HMM, these bounds yield efficient
estimates of future entropy, which we leverage to
implement entropy-guided decoding. On GSM8K
and CSQA, this guidance improves math and log-
ical reasoning over the decoding baselines in the
Qwen?2.5 and Mistral models, showing that esti-
mated future entropy is effective for decoding.

1 INTRODUCTION

Recent works such as EDT [Zhang et al., [2024b] and Top-
H [Baghaei Potraghloo et al.,[2026]] use the entropy of the
model to dynamically adjust sampling, achieving a better
performance than the conventional decoding algorithms
(e.g., Top-K [Fan et al., [2018]] sampling). However, both
methods condition only on the current-step entropy, which
is myopic. We argue that future entropy is a more important
signal for guiding generation. Intuitively, for creative writ-
ing that requires more diverse generations, we prefer that
the generation of the model has higher future entropy; for
mathematical reasoning that requires a deterministic answer,
a lower future entropy would be helpful to this objective.

However, future entropy is intractable to compute for exist-
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Figure 1: The pipeline of our proposed entropy-guided de-
coding method. Since the future entropy of an LLM is in-
tractable, we establish a tractable surrogate for it, and lever-
age the surrogate to guide the LLM decoding.

[ Entropy Signal

ing LLM architectures. In autoregressive models, it requires
marginalizing over an exponentially large space of future
continuations. To establish an efficient estimation of this in-
tractable signal, we turn to probabilistic circuits (PCs) [[Ver{
gar1 et al.| [2021]]. PCs are a family of generative models
whose computation graphs are structured to guarantee ef-
ficient, exact inference for a rich class of queries that are
otherwise intractable in unconstrained neural models [Liu
et al., |2024]]. A hidden Markov model (HMM), which can
be represented as a PC, is particularly well-suited to se-
quential data: its latent Markov structure enables efficient
forward and backward inference over all possible future
continuations via dynamic programming, without explicitly
enumerating them. Building on Ctrl-G [Zhang et al., [2024a,
which distills an HMM as a tractable surrogate of an LLM
by training it to approximate the next token of the LLM
distribution, we use the future entropy of an HMM as a
tractable proxy for that of the underlying LLM.

Computing the entropy of a PC is still a coNP-hard prob-
lem [[Vergari et al.l |2021]]. Our key observation is that the
latent-variable structure of a PC makes it possible to bound
this entropy tractably. Concretely, our contributions are
twofold. First, by making the latent-variable view of a PC
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explicit, we derive an upper bound and a lower bound on
its entropy, both of which are computable in polynomial
time. We estimate the upper and lower bounds of HMMs
by this method. Second, we wrap these estimates into the
entropy-guided decoding that steers the decoding by incor-
porating the entropy signal into the next-token logits. The
experimental results confirm that the entropy signal helps
the LLM improve problem solving in GSM8K and CSQA
datasets |Cobbe et al.|[2021]], Talmor et al.|[2019]].

2 PRELIMINARY

In this section, we state the concepts of probabilistic circuits
and hidden Markov models. We also introduce the notations
we used in this paper.

2.1 PROBABILISTIC CIRCUITS

Probabilistic circuits [Choi et al.l [2020] can be used to
describe a large family of tractable probabilistic models
(TPMs), including hidden Markov models (HMMs), Chow-
Liu trees, sum-product networks, and others. Specifically,
PCs are actually a type of computation graph defined by
sum and product operations:

Definition 2.1 (Probabilistic circuit). A probabilistic circuit
P(X) over variables X is a rooted directed acyclic com-
putation graph with a single root node n,.; we define ch(n)
as the set of children of node n. Each input node (a leaf
without children) encodes a univariate distribution over a
subset of random variables X,, C X, called its scope. Each
inner node is either a product node, encoding a factorized
distribution over its children, or a sum node, encoding a
weighted mixture of its children’s distributions. The scope
of an inner node equals the union of its children’s scopes:
X,=U c€ch(n) X.. Formally, the distribution at each node
n is defined recursively by

In(Xn) n is an input node,
> cccn(n) One - Pe(Xc)  misasum node,

HCECh(n) Pe (Xt)

PrL(Xn) =

n is a product node,

where 6,, . > 0 is the weight on edge (n, ¢). Without loss
of generality, we assume every root-to-input path alter-
nates between sum and product nodes (since consecutive
nodes of the same type can be collapsed), all weights are
positive, and the PC is locally normalized (i.e., for every
sum node n, Zcech(n) 0. = 1; for every input node n,
Ewnexn fn(x,) = 1). We also assume that the parent node
of any input node is a sum node, since when we need to set
an input node’s parent to a product node (e.g., implement a
Gaussian mixture model), we can add a dummy sum node
as that node’s parent.

All the PCs we discuss in this paper satisfy smoothness
and decomposability. These two properties enable them to
support linear-time marginalization [Vergari et al., 2021].

Definition 2.2 (Smoothness and Decomposability). A PC
is smooth if for every sum node n all children share the
same scope, i.e. X, = X, for all ¢1,co € ch(n); it is
decomposable if for every product node n the children have
pairwise disjoint scopes, i.e. X, N X,, = @ for all distinct
c1,c2 € ch(n).

The top-down probabilities quantify how much the node
contributes to the circuit’s output.

Definition 2.3 (Top-down probabilities). Given a PC p,
the top-down probability TD(n) of a node n is defined
recursively from the root toward the inputs,

1 n is the root node,

ZmEpa(n) TD(m)
> mepa(n) Omn - TD(m)  nis a product / input node,

TD(n) := n is a sum node,

where pa(n) denotes the set of parents of n. The top-down
probability of an edge (n, c) is TD(0y,c) = Oy - TD(n).

2.2 HIDDEN MARKOV MODELS

A hidden Markov model is a latent variable model for se-
quences, where the observed sequence X = XXy - - - X
depends on the hidden state sequence Y =YYy --- Y,
and Y satisfies the Markov property. For language model-
ing, x; is the token at position ¢ and y, is the corresponding
hidden state. x; takes value in {1,2,--- ,V}, where V is
the vocabulary size; y; takes value in {1,2,--- ,C}, where
C' is the number of hidden states.

The computational graph of an HMM is a dynamically ex-
panding PC, as we show in Figure [3] Once we have estab-
lished the upper and lower bounds for PCs, we can leverage
them to estimate the future entropy for HMMs.

3 FROM CIRCUIT PARAMETERS TO AN
EXPLICIT LATENT-VARIABLE
MODEL

We first make the explicit latent-variable view of a PC, fol-
lowing the construction in|Liu et al.|[2025] (see their Ap-
pendix B.1) and [Peharz et al.|[2016].

Definition 3.1 (Latent augmentation). Let P(X) be a
smooth, decomposable, and locally normalized PC with root
n, and sum-node set S. With every sum node n € S, once
n is reached, it selects exactly one of its children ¢ € ch(n),
an event we record as the tuple (n,c). For a node n, let
S,, C S collect the sum nodes in the sub-circuit rooted at



n, and let Z,, = {(m, ¢m) }mes,, » where ¢,, € ch(m) de-
notes the child selected at m, be their joint latent. We define
the set of reached nodes in Z as N'(z) = Uy )e-{u, v}.
Because a sum node descends only into its selected child,
the reached sum nodes are determined by the assignment
itself; in the recursions below, Z. = {(m, ¢;) }mes, is sim-
ply the subset of Z,, indexed by the sum nodes of child c.
We define the support supp(n) of Z,,, and on the sum and
product nodes the augmented distribution P,,(X,,, Z,,), by
structural recursion:

{3}

n is an input node,

supp(n) := § Ueeen(ny {(n:€)} x supp(c) m is a sum node,
Hcech(") supp(c) n is a product node,
P (X,) n is an input node,
P (X 7z - Zcech(n) 9"-,(: ) PL:(Xm ZC)
n ny n) = .
A[(n,c) € Zy) n is a sum node,

Hc€ch(n) PC(Xm Z(:)
Taking n = n,. gives the global latent Z = Z,, with support
supp(n,.), and we call P(X,Z) = P, (X,Z) the latent
augmentation of P.

n is a product node.

4 APPROXIMATE THE ENTROPY OF
HIDDEN MARKOV MODELS

Computing the entropy H(X) of an HMM Py (X) is a
coNP-hard problem [Vergari et al.| 2021[]. However, lever-
aging the latent-variable view of PCs, we can obtain some
tractable entropies in PC for latent variables, and exploit
them to obtain the upper and lower bounds of H(X). The
proofs can be found in Appendix [C|

4.1 THE UPPER BOUND OF ENTROPY

The entropy H(X) can be decomposed into H(X,Z) —
H(Z|X). By dropping H(Z|X), we can obtain the upper
bound of H (X).

Corollary 4.1 (Upper bound). For a smooth, decomposable,
locally normalized PC P, we have

H(X)< H(X,Z)=H(X|Z) + H(Z). (D)
The right-hand side is given by Theorems[@.1|and 4.2} which
can be computed with the time complexity O(|P|).

We then demonstrate that H(X|Z) and H(Z) can be com-
puted by the top-down probability.

4.2 TWO TRACTABLE ENTROPIES

Theorem 4.1 (Latent entropy). For a smooth, decompos-
able, locally normalized PC,

H(Z)=-> Y TD(bh.)-logbn.. )

n€S cech(n)

Theorem 4.2 (Conditional entropy). For a smooth, decom-
posable, and locally normalized PC,

H(X|Z) =) TD(n)- H(fu(Xn)), 3)
nel
where T is the set of all input nodes, and H (f,(X,,)) is the
entropy of the univariate input distribution f,(X,,).

Remark. The time complexity for computing the above two
entropies is O(| P|), where | P| is the size of the circuit. The
time complexity of computing all TD is O(|P|), because
each 6, . will only be accessed once. The computation of
latent entropy will access each 6, . once; therefore, the
final time complexity is O(|P|). The computation of the
conditional entropy only accesses each input node, and the
number of input nodes is smaller than | P|. Therefore, the
computation in PC will cost O(|P|) time.

4.3 THE LOWER BOUND OF ENTROPY

The term H (Z|X) is intractable for PCs, because the range
of values for X is exponential. However, if for each sum
node n, we let the condition X only include Xn, the union
of the scope of input nodes that can be reached directly from
n without passing through other non-dummy sum nodes (we
formally define it in Definition , then in the usual case
(such as HMM, HCLT [Liu and Van den Broeck, 2021]])
where the size of the support of X, is polynomial, we can
tractably obtain the upper bound of H(Z|X) (because the
number of conditions is reduced).

Definition 4.1 (Local selection and local scope). For a sum
node n, its local selection is

Z(n) ¢ (n,c) €Z,
. g n¢N(2Z),

and Z together with (Z(™),,cs determine each other. Let
fn C T collect the input nodes reachable from n without
crossing another non-dummy sum node (equivalently, those
whose nearest non-dummy sum-node ancestor is n), and
let X,, := Umez, Xm be the local scope of n. The local
selection entropy of n is

H, = HZ™|X,, n e N(Z)),
i.e. the entropy of Z(™) given the variables it directly emits,
conditioned on n being reached.

Proposition 4.1 (Lower bound). For a smooth, decompos-
able, locally normalized PC P,

H(X) > H(X|Z)+ H(Z) - H(Z|X),
where H(Z|X) :== 3", s TD(n) - H,.

Each term on the right is given by Theorems and
Definition which can be computed within time complex-
ity O(C' -V - |P]). Here, C = max(|ch(n)| : Vn € S), and
V = max(|supp(X,,)| : Vn € S).
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Figure 2: The relationship between HMM’s entropy and LLM’s entropy. For a given sequence, we selected 50 distinct tokens
to append to the end of the sentence, and these 50 tokens have the corresponding top 50 logits in the LLM distribution. We
then used both LLM and HMM to estimate the future 8-step entropy corresponding to different next token selections.

S ENTROPY-GUIDED DECODING

In this section, we leverage the entropy bounds to estimate
the future entropy of the HMM, and use this to guide the
decoding process of the LLM.

We first demonstrate how to estimate the future entropy of
the HMM. First, we compute the current P(Y;|X.;) by
the forward algorithm. Then, we replace the edge values of
the root of the HMM shown in Figure [3{with P(Y¢|X ;).
To predict the future k-step entropy, we extend the PC to
cover Xy.;1,—1. By applying Corollary {.1] and Proposi-
tion we can obtain the upper and lower bounds for
future entropy of the HMM. The time complexity for the
upper bound is O(V - | P|), since we need O(V) time to
compute H(f,(X,,)). The time complexity for the lower
bound is O(C - V - | P|), where C and V exactly match the
definition of the HMM in Section 2.2

In Figure 2] we demonstrate that the entropy of the HMM
is positively correlated with the entropy of the LLM in the
decoding process. Therefore, it can be regarded as a signal to
reflect the entropy of the LLM. To guide the generation, we
need to incorporate the entropy signal into the logits score,
where score = 11m_score + mix_ratio - H(Xyyk—1),
where 11m_score is the original logits score. A similar
incorporation can be found in/Ahmed and Singh|[2026].

We evaluate the entropy-guided decoding performance on
GSMS8K and CSQA datasets [Cobbe et al., 2021}, Talmorn
et al., |2019]]. The Empirical is the average of the up-
per and lower bounds, which can be regarded as the ap-
proximation to the real entropy. The HMM is distilled by
sampling the LLM’s distribution in the training split, us-
ing the pipeline proposed in Ctrl-G [Zhang et al.| [2024a].
To reduce computation, we first use Top-K filtering to se-
lect 50 next tokens, and then predict the future entropies
corresponding to these tokens. The baseline we compared in-
cludes Top-H [Baghaei Potraghloo et al.l[2026]], P-Less [[Tan

Table 1: Accuracy (%) of Llama3.1-8B, Qwen2.5-7B, and
Mistral-7B in the math and logical reasoning tasks with
different decoding strategies. The configurations of different
strategies are reported in Appendix E}

Llama3.1-8B Qwen2.5-7B Mistral-7B-v0.3
GSM8K CSQA GSM8K CSQA GSM8K CSQA

None 85.6 75.4 88.9 82.2 66.0 70.1
Top-K 85.1 75.4 88.5 81.6 67.2 71.1
Top-P 86.7 77.0 89.3 81.7 66.7 70.1
Min-P 87.8 75.9 89.2 80.7 68.6 70.4
P-Less 87.6 77.6 89.5 81.4 70.6 70.4
Top-H 87.7 77.3 89.5 81.5 69.7 70.4
Upper 85.4 76.3 89.7 79.8 70.6 70.1
Lower 85.4 74.6 88.5 81.1 70.0 70.6
Empirical 85.6 75.3 89.3 82.3 68.5 714

et al., 2026], Min-P [Nguyen et al.,[2025]], Top-K [Fan et al.|
2018]], and Top-P [Holtzman et al.|[2019]. We reported the
hyperparameters of these methods in Appendix [D} Table[T]
demonstrates the experimental results, where our proposed
method consistently achieves higher accuracy than Top-K.
In the experiment on the Qwen2.5-7B and Mistral-7B mod-
els, our method achieves the best accuracy in both GSM8K
and CSQA tasks.

6 CONCLUSION

We introduced an efficient approach to estimating the future
entropy of an LLM, a signal that is intractable to compute
directly yet valuable for steering generation. By making
the latent-variable view of a probabilistic circuit explicit,
we derived an upper bound and a lower bound on its en-
tropy, and applied them on an HMM surrogate to obtain
future-entropy estimates. Wrapping these estimates into the
entropy-guided decoding improved math and logical rea-
soning accuracy on GSM8K and CSQA, demonstrating that
prospective, future-aware guidance is useful in practice.
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A THE PC REPRESENTATION OF HMM

A hidden Markov model has three parameters: initial probability -y, where p(y1) = 7, ; transition matrix c, where
P(Ye|yt—1) = oy, _, 4, holds for every ¢; and emission matrix 3, where p(z:|y:) = By, », holds for every ¢. We demonstrate
the PC representation of an HMM in Figure [3] where the parameters of PC are derived from the parameters of HMM.

Figure 3: The dynamic extending PC to a HMM, ignoring the dummy sum nodes. As the sequence length increases, the
PC will grow using the parameters of the HMM. Each sum node denotes the initial probability or a transition process;
each product symbolizes an event that a hidden variable Y takes a certain value; each input node represents a conditional
distribution encoded by the emission matrix (.

B AUXILIARY RESULTS FOR THE LATENT-VARIABLE VIEW

The entropy H(X) of a PC is coNP-hard to compute directly, yet the latent-variable view of Definition breaks it into
pieces that are tractable. Turning that idea into formulas, however, requires knowing the augmented model explicitly: what
the joint P(X, Z) looks like, what the law P(Z) of the latent code is on its own, how P(X | Z) factorizes once the code is
fixed, and how often each node and edge is visited. This appendix develops exactly these four facts, in the order in which
they depend on one another, and the next appendix feeds them into the entropy expressions and bounds of the main text. We
begin with the proof of Proposition[B.T]| whose statement (given in the main text) guarantees that the augmentation is exact:
marginalizing Z recovers P(X), so every subsequent statement about P (X, Z) is also a statement about the circuit we care
about.
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B.1 EXACT LATENT AUGMENTATION)

We demonstrate that the latent augmentation we proposed in Definition [3.1]is an exact latent augmentation to the original
PC.

Proposition B.1 (Exact Latent augmentation). For a smooth, decomposable, locally normalized PC, the latent augmentation
of Definition marginalizes to the circuit distribution: for every x,

Z Pm« (X7 Z) = PIL7~(X) = P(X) (4)

z€supp(n,.)
Consequently P(X,Z) is a normalized distribution such that 3__c ..., >, p(x,z) = 1, and Z is an exact latent

augmentation of P(X).

Proof. For every node n and z,, € supp(n), we let

2z, Esupp(n)

be the latent-marginalized value of the sub-circuit F,; at the root P, (X) = 3__ cgpp(n,) (X, 2). We prove Equation by
induction over n.

In the base case where n is an input node, according to the Definition [3.1] we have that

> Pa(Xn,zn) = Pu(Xn, {}) = Pa(X,).

zEsupp(n)

Next, assume n is a sum node, and Equation holds for all its children, we have

Y Pu(Xn, )

2z, Esupp(n)

= Z en,c : Z PC(X-07 Zc)
cech(n) zcEsupp(c)

= Z en,c'Pc(Xc) :Pn(Xn)
cech(n)

Finally, if n is a product node, and Equation E]holds for all its children, we have

> Pu(Xn,zn)

Zn Esupp(n)

Z H PC(XCaZC)

zn €supp(n) c€ch(n)

H Z PC(X67ZC)

c€ech(n) z.Esupp(c)

= J] P(Xe)=Pu(Xa).
cech(n)

By applying the induction over all nodes in PC, we have Equation 4] O

Proposition tells us the augmentation is exact, but not yet what P(X, Z) actually is. The next result makes the joint
explicit: along any latent assignment z, the probability is simply the product of the selected sum-edge weights times the
emissions of the active input nodes. This proposition is the workhorse of everything that follows: the latent marginal, the
conditional, and both entropies are all read off from it.



B.2 JOINT DISTRIBUTION

Proposition B.2 (Joint distribution). For a smooth, decomposable, locally normalized PC, for every z € supp(n,), the joint
distribution of P(X,Z) is defined by

H en,c H f’rn(xm)7 (5)

(n,c)€z méely,, (z)
where I,,(z) = I(z) U{n : nis an input node}, and I(z) = {c : I(n,c) € z and c is an input node}.
Proof. We prove Equation [5|by induction over n.
In the base case where 7 is an input node, according to the Definition we have
pn(xnv Zn) = fn(xn)
When 7 is a sum node, and Equation [5]holds for all its children, we have

pn(xna Zn)

= 6717(: . pc(l‘ca Zc)

- en,c . H 90,m H fm(mm)

(e;m)€ze mel.(zc)
= H en/’c/ H fm(xm)'
(n',c")Ezp mel,(zn)

When n is a product node, and Equation E]holds for all its children, we have

pn (xn 9 Z’I’L)
H pC ZCC, Zc
cech(n)
cech(n) (¢,m)€Ez. mel.(zc)
= H on/,c’ H fm xm .
(n’,c")Ezp mel,(zn)
By applying the induction over all nodes in PC, we have Equation 5 O

Summing the joint over X erases the emissions and leaves the law of the latent code by itself. We isolate this marginal
because it is the only ingredient the latent entropy H (Z) depends on.

B.3 DISTRIBUTION OF THE LATENT VARIABLES

Corollary B.1 (Distribution of latent variables). For a smooth, decomposable, and locally normalized PC, every z €
supp(n,) satisfies
IT 6ne 6)

(n,c)€z

and these weights sum to one, 3 oo,y P(2) = 1.

Proof. Marginalizing X out of Proposition and using >, fu(rm) = 1 at every input node leaves p(z) =
[T(n,c)es On,c- Normalization 3 (., y P(2) = 1 then follows from Proposition O

Dividing the joint by this marginal gives the law of the observations once the code is fixed. The key point is that conditioning
collapses the circuit to a single product over the active input nodes, so P(X | Z = z) factorizes; this is precisely what later
lets the conditional entropy H (X | Z) split into a sum of independent per-input terms.



B.4 CONDITIONAL DISTRIBUTION

Corollary B.2 (Conditional distribution). For a smooth, decomposable, locally normalized PC and every z € supp(n), the
conditional distribution given Z can be represented as below,

PX[Z=z)= ][ fulzn) @)

nely, (Z)

Proof. By applying Proposition[B.2]and Corollary [B.T} we have

P(X,z)

p(z)
_ H(n,c)ez On,c - Hmelm(zn) fm(Tm)
H(n,c)Ez 97170

= H fn ($n)-

n€ly, (z)

PX|Z=z) =

O

The three results above all describe the model for a single fixed assignment z. To assemble an entropy, we must instead
average over z, which means weighting each node and edge by how likely the latent variable is to pass through it. The final
lemma identifies these visiting probabilities with the top-down probabilities of Definition this is what converts every
otherwise-exponential sum over z into a single-pass computation over the circuit.

B.5 TOP-DOWN PROBABILITIES ARE SELECTION PROBABILITIES

Lemma B.1 (Top-down probabilities are selection probabilities). For a locally normalized PC and a random latent variable
Z ~ P(Z), for every node n and sum edge (n, c¢),

Pr[n € N(Z)] = TD(n),
Pr[(n,c) € Z] =0, .- TD(n) = TD(0,.c)-

Proof. We induct in a topological order from the root. For the base case, Pr[n, € N(Z)] = 1 = TD(n,.). For n # n,,
the definition of supp(n) (refer to Definition gives that every node n appears at most once in z. Therefore, the events
[m € N(Z)] over m € pa(n) are disjoint (i.e., there is no my # mo such that my,my € pa(n), m; € N(z) and
mo € N(z)). When n is a sum node, we have

Prn e N(2)] = Z Pr[m € N(Z)]
meéepa(n)
= Y TD(m)=TD(n).
mépa(n)

When n is a product or input node, we have

Prln e N(2)] = Z Pr[m € N(Z)] x Pr [(m,n) € Z|m € N(Z)].

méepa(n)

If n is a product node, then every parent m is a sum node, which selects n with probability 6,, ,,, so Pr[n € N(Z)] =
Yo Omn - TD(m) = TD(n).

The edge statement follows since, given n € N(Z) NS, child ¢ is selected with probability 6,, .: Pr[(n,c) € Z]
On.c - TD(n) = TD(0,, ).

o



C PROOFS OF THE ENTROPY BOUNDS

With the latent model in hand, the entropy results of the main text follow by combining the facts of Appendix [B] The two
tractable entropies come first: H (Z) is built from the latent marginal (Corollary [B.1) and H (X | Z) from the conditional
factorization (CorollaryB.2), each collapsed into a single circuit pass by the selection probabilities of Lemma[B.1] These
two quantities then bracket the intractable H (X) from both sides: their sum is the joint entropy H (X, Z), which over-counts
by exactly H(Z | X) > 0 and so gives the upper bound; subtracting instead a fractable over-estimate of H(Z | X) gives the
lower bound. We prove the three results in this order.

C.1 PROOF OF THEOREM (LATENT ENTROPY)

Since p(z) factorizes over the selected edges (Corollary [B.1)), log p(z) is a sum over those edges, and the expectation of
each term is supplied by LemmaB.T]

Proof. By Corollary for all z € supp(n), we have log p(2) = 3=, .)c. 10 0y, .. Hence

H(Z)=- > p(z)logp(2)

zEsupp(n)
== 2 p(x) ) loghu
zEsupp(n) (n,c)€z
=— Y logb. Y plz)-1[(nc) €z,
(n,c)ez zEsupp(n)
where 3°_ o oo(n) P(2) - 1[(n, ) € 2] = Pr[(n,c) € Z] = TD(0;,.c), according to LemmaB. ] O

C.2 PROOF OF THEOREM (CONDITIONAL ENTROPY)

The conditional factorization (Corollary [B.2) makes H (X | Z = z) a sum of per-input entropies; averaging over z and
applying Lemma [B.T|reweights each input node by its top-down probability.

Proof. According to the Corollary conditioned on Z = z, the entropy of H(X|Z = z) can be decomposed as
Yonet,, (» H(fn(Xn)). Averaging over 2 € supp(n) and exchanging summation,

H(X[Z) = i Z( )p(Z) 612:( )H(f'n(Xn))
= ;H(}n(xn)) ez:( )p(Z) An € N(2)]
= ZG;TD(TL) ~H(fn(>?;))r,
where Y p(2) - 1[n € A'(2)] = Prln € N'(Z)] = TD(n), according to LemmaB.1} O

C.3 PROOF OF PROPOSITION (LOWER BOUND)

The upper bound merely drops H(Z | X) > 0; the lower bound keeps that term and overestimates it by the local selection
entropies of Definition[4.1] which condition each sum node’s choice only on the variables it directly emits.

Proof. We decompose the entropy of X into H(X) = H(X|Z) + H(Z) — H(Z|X), and the first two terms are exact, so it
suffices to bound H (Z|X) from above by H(Z|X).



Llama3.1-8B Qwen2.5-7B Mistral-7B

Bound
GSMS8K CSQA GSMSK CSQA GSMSK CSQA

U Mix Ratio —0.05 0.1 0.1 —02 —03 0.1
ppet k 4 8 4 8 8 4

Lower Mix Ratio —0.1 —01  —0.05 —02 —02 0.3
k 8 4 4 8 8 4

Empiricay MiX Ratio —0.1 005 —0.3 ~0.05 —0.3 0.2
p k 8 8 4 4 8 4

Table 2: Hyperparameter settings (mix ratio and k) for each strategy across models and datasets.

According to Deﬁnition each Z(™ takes finite values in ch(n) U {@}, hence (Z(™),,cs is a finite family of discrete
variables and its entropy chain rule holds under any enumeration. We adopt a topological enumeration < of S (root first);
since Z and (Z(”))neg determine each other, we have

H(Z‘X) = H((Z( 7LES|X Z H Z(n)| )m—<na )
nes

Under this enumeration, whether n is reached and through which parent are already fixed by (Z(™)),,,~,,. Let U,, be the
reached parent of 7, i.e. the m € pa(n) NN (Z) when it exists; & otherwise. U,, is unique because the events [m € N (Z)]
over m € pa(n) are pairwise disjoint (Lemma . Thus U, is a function of (Z(™),,, ., and X,, C X, so conditioning on
less cannot decrease the entropy:

H(ZM (2™ <n, X) < H(ZO|U, X).

By Corollary the latent variable’s probability factorizes as p(z) = [] (n,c)ez On,c, SO ONCE N € N (Z),the selection
satisfies that Pr[Z(™ = ¢ | n € N(Z)] = 6,., no matter how n was reached; with the emission factorization of
Corollary the conditional distribution of (Z(™),X,,) given U,, = m € pa(n) is the same for every such m and
equals its conditional distribution given n € N(Z). Hence H(Z™ | U,, = m,X,,) = H,, for every m € pa(n), while
U, = @ forces Z(") = & and contributes 0. With Pr[U,, = m] = Pr[m € N(Z)] = TD(m) (Lemma [B.1)) and
> mepa(n) TD(m) = TD(n), we have

H(Z™|U,, X,) = Z TD(m) - H, = TD(n) - H,,.

méepa(n)

Summing over n € S gives H(Z|X) <} D(n) - H,, = H(Z|X), and the bound follows.

nES

Computing H,, needs the value of p(z(™), &,|n € N(Z)) for every 2(") and &,,. There are at most C' choices for 2", and
at most V' choices for Z,,. The time complexity of computing H,, is O(C - V). Since we need to compute H,, for every
n € S, the final complexity is O(C - V - | P|). O

D CONFIGURATIONS OF DIFFERENT DECODING STRATEGIES

We follow the configurations in|Baghae1 Potraghloo et al.|[2026] that min_p = 0.1, top_p = 0.9, and the « in Top-H is 0.4.
P-Less is a hyperparameter-free method. To align with the Top-K filter before the entropy estimation, we set top_k = 50.
The hyperparameters in our method are presented in Table [2] These hyperparameters were determined via a grid search over
themix_ratio € {-0.3,-0.2,-0.1,-0.05,0.05,0.1,0.2,0.3} and k € {4, 8}.
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