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* What is Weighted Model Integration (WMI)?
* What structure to exploit?

* From WMI to Model Integration

 How does Search-Based MI (SMI) work?

* Complexity & Experimental Results
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Hybrid Probabilistic Model

* Real world data are noisy, complex and heterogeneous.

Raise your left leg to the side and return
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You need to keep your left leg straight. 0 - .Eg —'Wv-—‘é
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[Figueiredo et al., 2016] [Cimatti et al., 2017] [Lagriffoul et al., 2018]
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Hybrid Probabilistic Model

* Real world data are noisy, complex and heterogeneous.

* We need:
* Expressive modeling languages

* Powerful and flexible probabilistic framework:
* hybrid models, inference, ...

Raise your left leg to the side and return

You need to keep your left leg straight. Ac&n;l;m T _‘ E A=r+—0__ W+
‘O:)— ‘vi‘ E i [ 1 . B:[D Fault Brake1
@ Pipsiine Pump ‘ Valve Brake1 ) :.
. elector Valve - ) I_Ll
Fault Pump B]]:I Ll E - E:lﬂ Fault BrakeN
R ¢ : W
Gesture-based Programming Formal Verification Robotics
[Figueiredo et al., 2016] [Cimatti et al., 2017] [Lagriffoul et al., 2018]
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From WMC to WMI

Discrete

VT RETTLEN-(=8  Propositional Formulas

(AVB)N(mAVC)

Probabilistic Weighted Model
Inference Counting (WMC)
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Hybrid

SMT(LRA) Formulas
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Weighted Model
Integration (WMI)
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Weighted Model Integration (WMI)

 SMT(LRA) formulas with both propositional and LRA-atoms

e ['RA-atoms: Zazxz > b, XIE {< <,>, >7_77é}

 WMI definition: WMI(O,w | x,b) Z / (x, b*)dz with weight w.
0
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Weighted Model Integration (WMI)

 SMT(LRA) formulas with both propositional and LRA-atoms
 L'RA-atoms: Zazfm > b, <€ {<, <, >, >, =, #}
« WMI definition: WMI(O,w|z,b)= ) / (x, b*)dx with weight w.
b* cB™ O(x,b™)
Example: House price SMT(LRA) model
Given the following SMT(LRA) model 7 and its weight function w,
| (price; <10 - sqft; +1000) V (price; < 20 - sqft; + 100) 3 %§§§
1= { (0 < price; < 3000) A (0 < sqgft, < 200) e A

0 100 200

p?“ice?, = (O < pT’iCei < 3000) Square Footage
1, otherwise

w(l) =

then its weighted model integration: WMI (v;, w) = 8.785 x 10*!
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Recap: WMI & Probabilistic Reasoning

* Probability of query q given SMT(LRA) model ¥ and weight functions:
WMI(y A q,w)
P —
"= MGy, w)
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Recap: WMI & Probabilistic Reasoning

* Probability of query g given SMT(LRA) model 7y and weight functions:
WMI(y A q, w)
P —
r(9) WMI (v, w)

Example: House price model with query
Given the following SMT(LRA) model v; and its weight function w

o (price; < 10 - sqft, + 1000) V (price; < 20 - sqft;, + 100) w(t) = price?, £ = (0 < price; < 3000)
1 (0 < price; < 3000) A (0 < sqft; < 200) 1, otherwise

and query g = price; < 2000, the probability of ¢ can be computed as

Pr(q) = WMI(y A q,w)  3.926 x 10!
U= " WMI(y,w)  8.785 x 1011
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WMI: Challenges

* ¢/ Expressive hybrid probabilistic models
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WMI: Challenges

* ¢/ Expressive hybrid probabilistic models
« X #P-hard in general, no tractable class of SMT(LRA) models found yet

« X Current WMI solvers do not exploit structure information
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WMI: Challenges

* ¢/ Expressive hybrid probabilistic models
« X #P-hard in general, no tractable class of SMT(LRA) models found yet

« X Current WMI solvers do not exploit structure information

Example: Independent houses model

Suppose that we have n houses independent from each other, and each house ¢
has its price model as 7i:

- J (price; < 10 - sqft; +1000) V (price; < 20 - sqft; + 100) ¥ i /
T8 (0 < price; < 3000) A (0 < sqft; < 200) o g f =t
then the SMT(LRA) model of these houses is 6 = A\ . Dlag¥ X

=1 number of houses
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WMI: Challenges

* ¢/ Expressive hybrid probabilistic models
« X #P-hard in general, no tractable class of SMT(LRA) models found yet

« X Current WMI solvers do not exploit structure information

Example: Independent houses model

Suppose that we have n houses independent from each other, and each house ¢
has its price model as 7i:

60 —— =8 —— ===

| (price; <10 - sqft; +1000) V (price; < 20 - sqft; + 100) o I! f /
7=\ (0 < price; < 3000) A (0 < sqft; < 200) LI
N 10 (_'. 4‘f/ - SELSMT

then the SMT(LRA) model of these houses is 6 = A\ . o bndT__=n,

=1 mb of houses

@" TARGET: to build an algorithm for WMI that exploits structure!
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Outline

* What is Weighted Model Integration (WMI)?
 What structure to exploit?

* From WMI to Model Integration

 How does Search-Based MI (SMI) work?

* Complexity & Experimental Results
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What structure to exploit?

 What if we take independence between variables into consideration?

WMI (0) = ﬁ WMI (v;)

1=1
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What structure to exploit?

 What if we take independence between variables into consideration?

WMI (0) = ﬁ WMI (v;)

1=1
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What structure to exploit?

 What if we take independence between variables into consideration?

WMI (0) = ﬁ WMI (v;)

=1

60 === @ == == - — === 60 -———0———-?—--} ————————————————————————— * xa0D

50 ! i«?- / 50 l y /. -.: lS)i;mbo
~ 40 ‘ : — ; f -
Cheti R JIF JEvess: M A A . 2y
E 30 Y ﬁ * == Symbo g 30 - 5 PA
=920 ‘ 1 “@= PRAISE 'S 9 ‘ * =+ s

0/ fy bt 10 2 /4 K.

LLLLLL
Oé.r‘g ” Oh ::’_+_+_+.4~H_|..+.H_|.-+—H""+—4
0 2 0 2 4 6 8 10 12 14 16 18 20

number of houses
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What structure to exploit?

 What if we take independence between variables into consideration?

WMI (0) = ﬁ WMI (v;)

1=1
60 —= === = == 60 -———0———-?—--} ————————————————————————— - oo
50 ! f‘?- / 50 l 4 « -.: lS)i;mbo
. : /
@40 4/ # :1:
P,
sl S|

Independence helps!

0 =it e ot e+ A= et e - A e = - = i

0 2 4 6 8 10 12 14 16 18 20
number of houses number of houses

S 24 §
fap L i 7
=920 ‘ 1 =@= PRAISE = ‘
* f “@- BC 20 . x
10 ‘ 4" == ALLSMT 10 jx‘
4 PA ! ‘
0
0 2 4

@)
[ee)
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What structure to exploit?

 What if we take independence between variables into consideration?

WMI (0) = ﬁ WMI (v;)

=1

60 ——— @ —— G —— == - L e T T -

so iﬁ- / 50 / f/f '.:.'?ﬁ
- 40 & - 40 ) f e
230 ! !7 ¥ b 230 [N A * o
w444 T S0 4 Jy +: Independence helps!
10 L.‘:%V == ALLSMT 10 : f;‘

0 %= PA OQ :;H—*“"H*'FH*'hH*.hi

0 2 4 6 8 0 2 4 6 8 10 12 14 16 18 20

number of h

number of houses

() Can we leverage ! conditional independence, to build efficient WMI alg?

MI(0) Z/HMI(%: | y)dy
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Outline

* What is Weighted Model Integration (WMI)?
* What structure to exploit?

* From WMI to Model Integration

 How does Search-Based MI (SMI) work?

* Complexity & Experimental Results
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Model Integration is all u need ©

* Boolean to real: * weighted to unweighted (monomials):
b w(b) =2 r+y>1 w(r+y>1) =z
-b  w(-b) =3 —(z+y>1) wHxz+y>1) =1

\ | \ 4

Ay >0 w(Ap > 0) =2 r+y>1 = Vi=1,20Spw,i§x
Ay <0 w(Ap < 0) =3 B 0<py1 <y

(oryz o] Vb b
i B 0<py1<1

v Focus on MI without loss of generality
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Outline

* What is Weighted Model Integration (WMI)?
* What structure to exploit?

* From WMI to Model Integration

 How does Search-Based Ml (SMI) work?

* Complexity & Experimental Results
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Step 1: Graph Abstraction

* In order to characterize variable dependencies
* Define Primal Graph for SMT(LRA) model:

* Nodes — variables, Edges — between variables in the same clause
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Step 1: Graph Abstraction

* In order to characterize variable dependencies
e Define Primal Graph for SMT(LRA) model:

* Nodes — variables, Edges — between variables in the same clause

Example:

Given the following SMT(LRA) formula,
[ —1<y<-1

—0.5 S L1 S 0.5

=< —0.5<29<0.5

r1+1<y Vy<z -1
To+1<y Vysaz -1

\
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Step 1: Graph Abstraction

* In order to characterize variable dependencies
e Define Primal Graph for SMT(LRA) model:

* Nodes — variables, Edges — between variables in the same clause

Example:

Given the following SMT(LRA) formula,
BroS

—0.5 4@ 0.5 Primal Graph
=< —0.5 (22)< 0.5 :
r1+1lsy Vy<sas -1

To+1<y V y<az -1

\
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Step 1: Graph Abstraction

* In order to characterize variable dependencies
e Define Primal Graph for SMT(LRA) model:

* Nodes — variables, Edges — between variables in the same clause

Example:
Given the following SMT(LRA) formula,

Primal Graph @
>
k£l?2-|—1<’y\/y<£132—1 @ @
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Step 1: Graph Abstraction

* In order to characterize variable dependencies
e Define Primal Graph for SMT(LRA) model:

* Nodes — variables, Edges — between variables in the same clause

Example:
Given the following SMT(LRA) formula,

Primal Graph @
® ®
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Step 1: Graph Abstraction

* In order to characterize variable dependencies
e Define Primal Graph for SMT(LRA) model:

* Nodes — variables, Edges — between variables in the same clause

Example:
Given the following SMT(LRA) formula,

o
x) (2

Primal Graph

esUCLA ** b3
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Step 2: Search guided by Primal Graph

Example: MC in discrete case
Given the following propositional formula,
with y, x1, x2 being Boolean variables,

(y V1) A(yV )
Sol: And/Or search based on primal graph

Primal Graph Search Tree
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Step 2: Search guided by Primal Graph

Example: MC in discrete case
Given the following propositional formula,
with y, x1, x2 being Boolean variables,

(y V1) A(yV )
Sol: And/Or search based on primal graph

Primal Graph Search Tree

D e O
(@) (=) 1 0

1+1=2 2 1 3~\1

&) @) @ @

1] [of[1] [0
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Step 2: Search guided by Primal Graph

Example: MC in discrete case
Given the following propositional formula,
with y, x1, x2 being Boolean variables,

(y V1) A(yV )
Sol: And/Or search based on primal graph

Primal Graph Search Tree

e yztrue/(@\yzfalse
= 1X1=1
@ @ 2X2=4 ] :
1+1=2 2 1 3~\1
(@) () @ (@)
0 [1] [0
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Step 2: Search guided by Primal Graph

Example: MC in discrete case
Given the following propositional formula,
with y, x1, x2 being Boolean variables,

(y V1) A(yV )
Sol: And/Or search based on primal graph

Primal Graph Search Tree

4+1=5
@ yztrue/(@\yzfalse
= 1X1=1
@ @ 2X2=4 ] :
1+1=2 2 1 N1
@) ) @ @
0] [1] [0
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Step 2: Search guided by Primal Graph

Example: MC in discrete case However in hybrid domain ...

Given the following propositional formula,

with y, x1, x2 being Boolean variables, Instantiate -va-riableD
(y \/ xl) A (y \/ xz) ALL values in its domain

Sol: And/Or search based on primal graph
Primal Graph Search Tree
4+1=5
@ yztrue@\yzfalse .
2X2z —1X1=1 ' infinitely
oo ; C L3112 mamy vatoesl

L
N[
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Step 2: Search guided by Primal Graph

* Prop: Ml of SMT(LRA) formula is an integration over a univariate

piecewise polynomial
|m b Z / plu

[l,ulel
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Step 2: Search guided by Primal Graph
* Prop: Ml of SMT(LRA) formula is an integration over a univariate

piecewise polynomial
9 | €T, b Z / plu

[l,ulel

Example: Model Integration (M)
Given the following SMT(LRA) formula,

[ —1<y< -1
—0.5< 21 <0.5

=< —05<x5<0.5
r1+1<yVy<z -1
ro+1<y VvV y<z—1

\
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Step 2: Search guided by Primal Graph

* Prop: Ml of SMT(LRA) formula is an integration over a univariate

piecewise polynomial
9 | €T, b Z / plu

[l,ulel

Example: Model Integration (Ml)

leen the following SMT(LRA) formula, p(y)
—1<y< -1

—0.5 < I < 0.5 —0.5 1 = 0.1p(y)
0=4 —05<22<05 MI(0) = / p—(y)dy +/ p+(y)dy B L oo
-1 0.5 B Wy

331—|—1§y\/y§5131—1 1.
Tptlsy Vysz—| T e

\

DelBP 2019 o UCLA *° |



RESEARCH LAB
UCLA

Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/pzu )dy.

[l,ulel

Given SMT(LRA) formula :

([ -1<y<-1

—05<21 <05

0=<¢ —05<2,<0.5
r1+1<y Vy<z -1
ro+1<y VvV y<az—1
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/pzu )dy.

[liulel
Given SMT(LRA) formula :
(—1<y< -1 Graph °
—0.5<z; <05 Abstraction

0=14 —0.5<x2<0.5 —)
r1+1<y Vy<az -1 @ @

ro+1<y V y<az—1

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/pzu )dy.

[l,ulel
Given SMT(LRA) formula : @
(1 <y< -1 Graph ° And/Or p(y)
—05< 2, <0.5 Abstraction Search
0= —05<z,<05 — —)
r1+1<y Vy<az -1
| T2+ 1<y Vy<a—1 @ ) —Tt—3 v

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(1 <y< -1 Graph ° And/Or p(y)
—05<x1 <05 Abstraction Search
0= —05<zy<05 — ——> i-/
r1+1<y Vy<az -1
[ 2+ 1<y Vy<a—1 x) | y Q

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(1 <y< —1 Graph ° And/Or p(y)
—0.5<z1 <05 Abstraction Search /
f={ —05<z<05 — —) %
r1+1<yVy<az -1 @
| T2+ 1<y Vy<a—1 @ —Tt—3 v

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(1 <y< -1 Graph ° And/Or p(y)
—05<x1 <05 Abstraction Search
0= —05<zy<05 — ——> *
r1+1<y Vy<az -1 @ @
[ 2+ 1<y Vy<a—1 —T1t—y

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI(6 | z,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(1 <y< -1 Graph ° And/Or p(y)
—05<x1 <05 Abstraction Search
0= —05<zy<05 — ——> *
r1+1<y Vy<az -1 @ @
[ 2+ 1<y Vy<a—1 —t—ty

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI( | x,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(Cl<y<-1 Graph ° And/Or
—05< 2, <0.5 Abstraction Search
0= —05<z,<05 — —)
r1+1<y Vy<az -1
r2+1<y Vy<az-—1 @ @ _ ] @ @ e eee

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI( | x,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(1<y< -1 Graph O And/Or p(y)
—05< 2, <0.5 Abstraction Search
0=<¢ —0.5<x5<0.5 - _ *
$1+1_§2y_\/ y<xz —1 @ * @ @
o+ 1<y V y<zy—1 @ __(-.-._.-]-y oo sooe

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI( | x,b) = Z/plu )dy.

[l,ulel
Given SMT(LRA) formula :
(—1<y< -1 Graph O And/Or p(y)
—05< 2, <0.5 Abstraction Search
0 =< —Oflgicg §v0.5< 1 — ——> ¥ x
I Sy Yy —
\$2+1§y\/y§$2—1 @ @ __(-.-.—.-]-y eee oo

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LRA) theory is integration over a univariate piecewise polynomial.

MI( | x,b) = Z/plu )dy.

[l,ulel

Given SMT(LRA) formula :

(—1<y< -1 Graph O And/Or p(y)
—05<x1 <05 Abstraction Search
=< —05<a,<0.5 —> ——> ¥ x
r1+1<y Vy<z -1 @ @
| T2 +1<y Vy<a -1 __(_.-._._]'y ©es e
Polynomial P(y)

Interpolation N

—1+-—Fy

esUCLA » |
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Search-based Model Integration (SMI)

Prop: model integration of SMT(LCR‘A) theory is integration over a univariate piecewise polynomial.

|wb Z/plu dy

[l,ulel

Given SMT(LRA) formula :

(1<y< -1 Graph O And/Or p(y)
—05< 2, <0.5 Abstraction Search
0 =< —Oflgicg §v0.5< 1 — ——> ¥ x
I >y Yy>=T1 —
\$2+1§y\/y§$2—1 @ @ __(-.-.—.-]-y eee oo
Polynomial P(y) Model
Interpolation N Integration
—> mm) M (0) = Z /p(y)dy
—fo—o—of-y

esUCLA » |
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Outline

* What is Weighted Model Integration (WMI)?
* What structure to exploit?

* From WMI to Model Integration

 How does Search-Based MI (SMI) work?
 Complexity & Experimental Results
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Complexity Analysis

» Search space O(I - (n® - ¢"»)") bounded by tree heights h,, h,

(1) (8
. QY © (D~(3 )
Primal Graph | &) —(0—& 90 -G (D O-G
Primal Graph h,, O(1) O(logn) O(n)
Pseudo Tree h, O(1) O(logn) O(logn)
Complexity Polynomial Quasi-Polynomial Exponential
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xperimental Results
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Future Work

* WMI solver that leverages structure and meanwhile works for general
SMT(LRA) formulas and general weight functions.

* Approximate WMI solvers, learning weighted SMT(LRA) formulas, ...
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Future Work

* WMI solver that leverages structure and meanwhile works for general
SMT(LRA) formulas and general weight functions.

* Approximate WMI solvers, learning weighted SMT(LRA) formulas, ...

- oo |

[
. Thanks for your time! |
L ©@0® |
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