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Motivation
A Fundamental Task

Given two distributions p and q, and a kernel k, the task is to compute
the expected kernel

Ex�p;x0�q[k(x; x0)]
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A Fundamental Task

Given two distributions p and q, and a kernel k, the task is to compute
the expected kernel

Ex�p;x0�q[k(x; x0)]

) In kernel-based frameworks, expected kernels are omnipresent!

squared Maximum Mean Discrepancy (MMD)
Ex�p;x0�p[k(x; x0)] + Ex�q;x0�q[k(x; x0)] � 2Ex�p;x0�q[k(x; x0)]
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Motivation
A Fundamental Task

Given two distributions p and q, and a kernel k, the task is to compute
the expected kernel

Ex�p;x0�q[k(x; x0)]

) In kernel-based frameworks, expected kernels are omnipresent!

Discrete Kernelized Stein Discrepancy (KDSD)
Ex;x0�q[kp(x; x0)]
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Challenge
Reliability vs. Flexibility

Ex�p;x0�q[k(x; x0)] =

Z
x;x0

p(x)q(x0)k(x; x0) dx dx0
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Ex�p;x0�q[k(x; x0)] =

Z
x;x0

p(x)q(x0)k(x; x0) dx dx0

p; q; k fully factorized
p(x) =

Q
i p(xi), q(x) =

Q
i q(xi)

k(x; x0) =
Q

i k(xi; x0
i)

) expected kernel is tractableQ
i(
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xi;x′
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p(xi)q(x0
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p; q; k fully factorized
p(x) =

Q
i p(xi), q(x) =

Q
i q(xi)

k(x; x0) =
Q

i k(xi; x0
i)

) expected kernel is tractableQ
i(

R
xi;x′

i
p(xi)q(x0

i)k(xi; x0
i))

A computation is tractable if it can be
done exactly in polynomial time
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Ex�p;x0�q[k(x; x0)] =

Z
x;x0

p(x)q(x0)k(x; x0) dx dx0

p; q; k fully factorized

PRO. Tractable exact computation
CON.Model being too restrictive

trade-off? Hard to compute in general.) approximate with MC
or variational inference

PRO. Efficient computation
CON. no guarantees on error bounds

6/40



Expressive distribution models
+

Exact computation of expected kernels?
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Expressive distribution models
+

Exact computation of expectated kernels
=

Circuits!
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Circuits

Probabilistic Circuits
deep generative models + deep guarantees
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Probabilistic Circuits
deep generative models + deep guarantees

Kernel Circuits
express kernels as circuits

) Ex�p;x0�q[k(x; x0)]
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Probabilistic Circuits (PCs)
Tractable computational graphs

10/40

I. A simple tractable distribution is a PC

) e.g., a multivariate Gaussian
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I. A simple tractable distribution is a PC

II. A convex combination of PCs is a PC

III. A product of PCs is a PC
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Probabilistic Circuits (PCs)
Tractable computational graphs
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Probabilistic queries = feedforward evaluation

p(X1 = �1:85; X2 = 0:5; X3 = �1:3; X4 = 0:2)
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Probabilistic queries = feedforward evaluation

p(X1 = �1:85; X2 = 0:5; X3 = �1:3; X4 = 0:2)

1.29

0.18

0.35

2.42

−1.85

−1.85

0.5

0.5

0.9

0.1

0.
5

0.5

0.3

0.7

0.
2

0.8

×

×

0.5

0.5

0.
6

0.4

1.21

0.67−1.3

−1.3

×

×

0.8

0.2

0.
5

0.5

0.39

0.540.2

0.2

×

×

0.8

0.2

11/40



Probabilistic queries = feedforward evaluation

p(X1 = �1:85; X2 = 0:5; X3 = �1:3; X4 = 0:2) = 0:75
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PCs = deep learning

PCs are computational graphs
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PCs = deep learning

PCs are computational graphs encoding deep mixture models
) stacking (categorical) latent variables

PCs compactly represent polynomials with exponentially many terms
) universal approximators

PCs are expressive deep generative models!
) we can learn PCs with millions of parameters in minutes on the GPU [Peharz

et al. 2020]

12/40



On par with intractable models!
How expressive are PCs?

dataset best circuit BN MADE VAE dataset best circuit BN MADE VAE

nltcs -5.99 -6.02 -6.04 -5.99 dna -79.88 -80.65 -82.77 -94.56
msnbc -6.04 -6.04 -6.06 -6.09 kosarek -10.52 -10.83 - -10.64
kdd -2.12 -2.19 -2.07 -2.12 msweb -9.62 -9.70 -9.59 -9.73
plants -11.84 -12.65 -12.32 -12.34 book -33.82 -36.41 -33.95 -33.19
audio -39.39 -40.50 -38.95 -38.67 movie -50.34 -54.37 -48.7 -47.43
jester -51.29 -51.07 -52.23 -51.54 webkb -149.20 -157.43 -149.59 -146.9
netflix -55.71 -57.02 -55.16 -54.73 cr52 -81.87 -87.56 -82.80 -81.33
accidents -26.89 -26.32 -26.42 -29.11 c20ng -151.02 -158.95 -153.18 -146.9
retail -10.72 -10.87 -10.81 -10.83 bbc -229.21 -257.86 -242.40 -240.94
pumbs* -22.15 -21.72 -22.3 -25.16 ad -14.00 -18.35 -13.65 -18.81

Peharz et al., “Random sum-product networks: A simple but effective approach to probabilistic
deep learning”, 2019 13/40
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