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Overview 

1. Why probabilistic databases? 

 

2. How probabilistic query evaluation? 

 

3. Why open world? 

 

4. How open-world query evaluation? 

 

5. What is the broader picture?  
First-order model counting! 



Why probabilistic databases? 



What we’d like to do… 



What we’d like to do… 



Google Knowledge Graph 

 > 570 million entities 
 > 18 billion tuples 



• Tuple-independent probabilistic database 

 

 

 

 

• Learned from the web, large text corpora, ontologies, 

etc., using statistical machine learning. 
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Probabilistic Databases 

x y P 

Erdos Renyi 0.6 

Einstein Pauli 0.7 

Obama Erdos 0.1 

S
c
ie

n
ti

s
t x P 

Erdos 0.9 

Einstein 0.8 

Pauli 0.6 

[VdB&Suciu’17] 



Information Extraction is Noisy! 

x y P 

Luc Laura 0.7 

Luc Hendrik 0.6 

Luc Kathleen 0.3 

Luc Paol 0.3 

Luc Paolo 0.1 

Coauthor 
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Information Extraction is Noisy! 

x y P 

Luc Laura 0.7 

Luc Hendrik 0.6 

Luc Kathleen 0.3 

Luc Paol 0.3 

Luc Paolo 0.1 

Coauthor 



What we’d like to do… 

∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 



Einstein is in the Knowledge Graph 



Erdős is in the Knowledge Graph 



This guy is in the Knowledge Graph 



This guy is in the Knowledge Graph 

… and he published with both Einstein and Erdos! 



Desired Query Answer 

 

 Ernst Straus 

 

 Barack Obama, … 

 

 Justin Bieber, … 



Desired Query Answer 

 

 Ernst Straus 

 

 Barack Obama, … 

 

 Justin Bieber, … 

1. Fuse uncertain 

information from web 
 

   ⇒ Embrace probability! 
  

2. Cannot come from 

labeled data 
 

   ⇒ Embrace query eval! 

 



[Chen’16+  
(NYTimes) 



How probabilistic  

query evaluation? 



Tuple-Independent Probabilistic DB 

x y P 

A B p1 

A C p2 

B C p3 

Probabilistic database D: 
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x y 

A B 

A C 

B C 

Tuple-Independent Probabilistic DB 

x y P 

A B p1 

A C p2 

B C p3 

Possible worlds semantics: 

p1p2p3 
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x y 

A B 

A C 

B C 

Tuple-Independent Probabilistic DB 

x y P 

A B p1 

A C p2 

B C p3 

Possible worlds semantics: 

p1p2p3 

(1-p1)p2p3 

Probabilistic database D: 

x y 

A C 

B C 
C

o
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x y 

A B 

A C 

B C 

Tuple-Independent Probabilistic DB 

x y P 

A B p1 

A C p2 

B C p3 

Possible worlds semantics: 

p1p2p3 

(1-p1)p2p3 

(1-p1)(1-p2)(1-p3) 

Probabilistic database D: 

x y 

A C 

B C 

x y 

A B 

A C 

x y 

A B 

B C 

x y 

A B 
x y 

A C 
x y 

B C 
x y 
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• Conjunctive queries (CQ) 

∃ + ∧ + positive literals 

                                     

                                

         

                                     

                                   

Probabilistic Databases Queries 

∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 



• Conjunctive queries (CQ) 

∃ + ∧ + positive literals 

• Unions of conjunctive queries (UCQ) 

v of ∃ + ∧ + positive literals 

         

                                     

                                   

Probabilistic Databases Queries 

∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 



• Conjunctive queries (CQ) 

∃ + ∧ + positive literals 

• Unions of conjunctive queries (UCQ) 

v of ∃ + ∧ + positive literals 

• Duality 

– Negation of CQ is monotone ∀-clause 

– Negation of UCQ is monotone ∀-CNF 

 

Probabilistic Databases Queries 

∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 



x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

P(Q) =  

Probabilistic Query Evaluation 

Q = ∃x∃y Scientist(x) ∧ Coauthor(x,y) 
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x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

P(Q) =  1-(1-q1)*(1-q2) 

Probabilistic Query Evaluation 

Q = ∃x∃y Scientist(x) ∧ Coauthor(x,y) 
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x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

P(Q) =  1-(1-q1)*(1-q2) p1*[                           ] 

Probabilistic Query Evaluation 

Q = ∃x∃y Scientist(x) ∧ Coauthor(x,y) 
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x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

P(Q) =  1-(1-q1)*(1-q2) p1*[                           ] 

1-(1-q3)*(1-q4)*(1-q5) 

Probabilistic Query Evaluation 

Q = ∃x∃y Scientist(x) ∧ Coauthor(x,y) 
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x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

P(Q) =  1-(1-q1)*(1-q2) p1*[                           ] 

1-(1-q3)*(1-q4)*(1-q5) p2*[                                     ] 

Probabilistic Query Evaluation 

Q = ∃x∃y Scientist(x) ∧ Coauthor(x,y) 

Sc
ie

n
ti

st
 

C
o

au
th

o
r 



x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

P(Q) =  1-(1-q1)*(1-q2) p1*[                           ] 

1-(1-q3)*(1-q4)*(1-q5) p2*[                                     ] 

1- {1-                                    } * 

{1-                                               } 

Probabilistic Query Evaluation 

Q = ∃x∃y Scientist(x) ∧ Coauthor(x,y) 
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Lifted Inference Rules 

Preprocess Q (omitted),  
Then apply rules (some have preconditions) 
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Lifted Inference Rules 

P(Q1 ∧ Q2) = P(Q1) P(Q2) 
P(Q1 ∨ Q2) =1 – (1– P(Q1)) (1–P(Q2)) 

Preprocess Q (omitted),  
Then apply rules (some have preconditions) 

Decomposable ∧,∨ 

P(¬Q) = 1 – P(Q) Negation 
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Lifted Inference Rules 

P(Q1 ∧ Q2) = P(Q1) P(Q2) 
P(Q1 ∨ Q2) =1 – (1– P(Q1)) (1–P(Q2)) 

P(∀z Q) = ΠA ∈Domain  P(Q[A/z]) 
P(∃z Q) = 1 – ΠA ∈Domain (1 – P(Q[A/z])) 

Preprocess Q (omitted),  
Then apply rules (some have preconditions) 

Decomposable ∧,∨ 

Decomposable ∃,∀ 

P(¬Q) = 1 – P(Q) Negation 
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Lifted Inference Rules 

P(Q1 ∧ Q2) = P(Q1) P(Q2) 
P(Q1 ∨ Q2) =1 – (1– P(Q1)) (1–P(Q2)) 

P(∀z Q) = ΠA ∈Domain  P(Q[A/z]) 
P(∃z Q) = 1 – ΠA ∈Domain (1 – P(Q[A/z])) 

P(Q1 ∧ Q2) = P(Q1) + P(Q2) - P(Q1 ∨ Q2) 
P(Q1 ∨ Q2) = P(Q1) + P(Q2) - P(Q1 ∧ Q2) 

Preprocess Q (omitted),  
Then apply rules (some have preconditions) 

Decomposable ∧,∨ 

Decomposable ∃,∀ 

Inclusion/ 
exclusion 

P(¬Q) = 1 – P(Q) Negation 

*VdB&Suciu’17+ 



Closed-World Lifted Query Eval 

Q = ∃x ∃y Scientist(x) ∧ Coauthor(x,y) 

P(Q) =  1 - ΠA ∈ Domain (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 
  



Closed-World Lifted Query Eval 

Q = ∃x ∃y Scientist(x) ∧ Coauthor(x,y) 

P(Q) =  1 - ΠA ∈ Domain (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 
  

Decomposable ∃-Rule 



Closed-World Lifted Query Eval 

Q = ∃x ∃y Scientist(x) ∧ Coauthor(x,y) 

P(Q) =  1 - ΠA ∈ Domain (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 
  

Decomposable ∃-Rule 

Check independence: 

 Scientist(A) ∧ ∃y Coauthor(A,y) 

 Scientist(B) ∧ ∃y Coauthor(B,y) 



Closed-World Lifted Query Eval 

Q = ∃x ∃y Scientist(x) ∧ Coauthor(x,y) 

P(Q) =  1 - ΠA ∈ Domain (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 
  

Decomposable ∃-Rule 

Check independence: 

 Scientist(A) ∧ ∃y Coauthor(A,y) 

 Scientist(B) ∧ ∃y Coauthor(B,y) 
 

   = 1 - (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 

  x (1 - P(Scientist(B) ∧ ∃y Coauthor(B,y)) 

  x (1 - P(Scientist(C) ∧ ∃y Coauthor(C,y)) 

  x (1 - P(Scientist(D) ∧ ∃y Coauthor(D,y)) 

  x (1 - P(Scientist(E) ∧ ∃y Coauthor(E,y)) 

  x (1 - P(Scientist(F) ∧ ∃y Coauthor(F,y))  

      … 



Closed-World Lifted Query Eval 

Q = ∃x ∃y Scientist(x) ∧ Coauthor(x,y) 

P(Q) =  1 - ΠA ∈ Domain (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 
  

Decomposable ∃-Rule 

Check independence: 

 Scientist(A) ∧ ∃y Coauthor(A,y) 

 Scientist(B) ∧ ∃y Coauthor(B,y) 
 

   = 1 - (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 

  x (1 - P(Scientist(B) ∧ ∃y Coauthor(B,y)) 

  x (1 - P(Scientist(C) ∧ ∃y Coauthor(C,y)) 

  x (1 - P(Scientist(D) ∧ ∃y Coauthor(D,y)) 

  x (1 - P(Scientist(E) ∧ ∃y Coauthor(E,y)) 

  x (1 - P(Scientist(F) ∧ ∃y Coauthor(F,y))  

      … 

Complexity PTIME 



Limitations 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 

The decomposable ∀-rule: 

                    
 

                                           

 

                                                    

 

                                                  

P(∀z Q) = ΠA ∈Domain  P(Q[A/z]) 



Limitations 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 

The decomposable ∀-rule: 

… does not apply:  
 

 H0[Alice/x] and H0[Bob/x] are dependent: 

 

  ∀y (Smoker(Alice) ∨ Friend(Alice,y) ∨ Jogger(y)) 

 

  ∀y (Smoker(Bob)  ∨ Friend(Bob,y)  ∨ Jogger(y)) 
 

Dependent 

P(∀z Q) = ΠA ∈Domain  P(Q[A/z]) 



Limitations 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 

The decomposable ∀-rule: 

… does not apply:  
 

 H0[Alice/x] and H0[Bob/x] are dependent: 

 

  ∀y (Smoker(Alice) ∨ Friend(Alice,y) ∨ Jogger(y)) 

 

  ∀y (Smoker(Bob)  ∨ Friend(Bob,y)  ∨ Jogger(y)) 
 

Dependent 

Lifted inference sometimes fails. 

P(∀z Q) = ΠA ∈Domain  P(Q[A/z]) 



Background:  

Positive Partitioned 2CNF 

1 

2 

1 

2 

3 

A PP2CNF is:  

     F = ∧(i,j) ∈ E (xi  yj) 

where E = the edge set of a bipartite graph 

F  =  (x1  y1) ∧ (x2  y1) ∧ (x2  y3)  

     ∧ (x1  y3) ∧ (x2  y2) 

x y 



Background:  

Positive Partitioned 2CNF 

1 

2 

1 

2 

3 

A PP2CNF is:  

     F = ∧(i,j) ∈ E (xi  yj) 

where E = the edge set of a bipartite graph 

F  =  (x1  y1) ∧ (x2  y1) ∧ (x2  y3)  

     ∧ (x1  y3) ∧ (x2  y2) 

x y 

Theorem: #PP2CNF is #P-hard [Provan’83]  



Our Problematic Clause 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 



Our Problematic Clause 

Theorem. Computing P(H0) is #P-hard  

in the size of the database. [Dalvi&Suciu’04] 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 



Our Problematic Clause 

Proof: PP2CNF:  F =  (Xi1 ∨ Yj1) ∧ (Xi2 ∨ Yj2 ) ∧ … reduce #F to computing P (H0) 

 

By example: 

Theorem. Computing P(H0) is #P-hard  

in the size of the database. [Dalvi&Suciu’04] 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 



Our Problematic Clause 

Proof: PP2CNF:  F =  (Xi1 ∨ Yj1) ∧ (Xi2 ∨ Yj2 ) ∧ … reduce #F to computing P (H0) 

 

By example: 

F =  (X1 ∨ Y1) ∧ (X1 ∨ Y2) ∧ (X2 ∨ Y2) 

Theorem. Computing P(H0) is #P-hard  

in the size of the database. [Dalvi&Suciu’04] 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 



Our Problematic Clause 

Proof: PP2CNF:  F =  (Xi1 ∨ Yj1) ∧ (Xi2 ∨ Yj2 ) ∧ … reduce #F to computing P (H0) 

 

By example: 

X Y P 

x1 y1 0 

x1 y2 0 

x2 y2 0 

X P 

x1 0.5 

x2 0.5 

Y P 

y1 0.5 

y2 0.5 

Smoker Jogger Friend 
F =  (X1 ∨ Y1) ∧ (X1 ∨ Y2) ∧ (X2 ∨ Y2) 

Theorem. Computing P(H0) is #P-hard  

in the size of the database. [Dalvi&Suciu’04] 

Probabilities (tuples not shown have P=1) 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 



Our Problematic Clause 

Proof: PP2CNF:  F =  (Xi1 ∨ Yj1) ∧ (Xi2 ∨ Yj2 ) ∧ … reduce #F to computing P (H0) 

 

By example: 

X Y P 

x1 y1 0 

x1 y2 0 

x2 y2 0 

X P 

x1 0.5 

x2 0.5 

Y P 

y1 0.5 

y2 0.5 

Smoker Jogger Friend 

P(H0) = P(F);  hence P (H0)  is #P-hard 

F =  (X1 ∨ Y1) ∧ (X1 ∨ Y2) ∧ (X2 ∨ Y2) 

Theorem. Computing P(H0) is #P-hard  

in the size of the database. [Dalvi&Suciu’04] 

Probabilities (tuples not shown have P=1) 

H0 = ∀x∀y Smoker(x) ∨ Friend(x,y) ∨ Jogger(y) 



Are the Lifted Rules Complete? 

You already know: 

• Inference rules: PTIME data complexity 

• Some queries: #P-hard data complexity 
  

                                      

                                           

                                             

[Dalvi and Suciu;JACM’11] 



Are the Lifted Rules Complete? 

You already know: 

• Inference rules: PTIME data complexity 

• Some queries: #P-hard data complexity 
  

Dichotomy Theorem for UCQ / Mon. CNF 

• If lifted rules succeed, then PTIME query 

• If lifted rules fail, then query is #P-hard 

 

[Dalvi and Suciu;JACM’11] 



Are the Lifted Rules Complete? 

You already know: 

• Inference rules: PTIME data complexity 

• Some queries: #P-hard data complexity 
  

Dichotomy Theorem for UCQ / Mon. CNF 

• If lifted rules succeed, then PTIME query 

• If lifted rules fail, then query is #P-hard 

 
Lifted rules are complete for UCQ! 

[Dalvi and Suciu;JACM’11] 



Commercial Break 

• Survey book (2017) 
http://www.nowpublishers.com/article/Details/DBS-052 

 

• IJCAI 2016 tutorial 
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/ 

http://www.nowpublishers.com/article/Details/DBS-052
http://www.nowpublishers.com/article/Details/DBS-052
http://www.nowpublishers.com/article/Details/DBS-052
http://www.nowpublishers.com/article/Details/DBS-052
http://www.nowpublishers.com/article/Details/DBS-052
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/
http://web.cs.ucla.edu/~guyvdb/talks/IJCAI16-tutorial/


Why open world? 



Knowledge Base Completion 

Given:  

 

 

 

 

Learn: 

 

Complete: 

 

 

0.8::Coauthor(x,y) :- Coauthor(z,x) ∧ Coauthor(z,y). 

x y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

… … … 

x y P 

Straus Pauli 0.504 

… … … 

C
o

a
u

th
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Bayesian Learning Loop 

Bayesian view on learning: 

1. Prior belief:   

 P(Coauthor(Straus,Pauli)) = 0.01 

2. Observe page 

 P(Coauthor(Straus,Pauli|      ) = 0.2 

3. Observe page 

 P(Coauthor(Straus,Pauli)|      ,      ) = 0.3 

 

Principled and sound reasoning! 



Problem: Broken Learning Loop 

Bayesian view on learning: 

1. Prior belief:   

 P(Coauthor(Straus,Pauli)) = 0 

2. Observe page 

 P(Coauthor(Straus,Pauli|      ) = 0.2 

3. Observe page 

 P(Coauthor(Straus,Pauli)|      ,      ) = 0.3 

  

 

[Ceylan, Darwiche, Van den Broeck; KR’16] 



Problem: Broken Learning Loop 

Bayesian view on learning: 

1. Prior belief:   

 P(Coauthor(Straus,Pauli)) = 0 

2. Observe page 

 P(Coauthor(Straus,Pauli|      ) = 0.2 

3. Observe page 

 P(Coauthor(Straus,Pauli)|      ,      ) = 0.3 

  

 

[Ceylan, Darwiche, Van den Broeck; KR’16] 



Problem: Broken Learning Loop 

Bayesian view on learning: 

1. Prior belief:   

 P(Coauthor(Straus,Pauli)) = 0 

2. Observe page 

 P(Coauthor(Straus,Pauli|      ) = 0.2 

3. Observe page 

 P(Coauthor(Straus,Pauli)|      ,      ) = 0.3 

  

 

[Ceylan, Darwiche, Van den Broeck; KR’16] 

This is mathematical nonsense! 



What we’d like to do… 

∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

 

 Ernst Straus 

 

 Kristian Kersting, … 

 

 Justin Bieber, … 



Open World DB 

• What if fact missing? 

 

• Probability 0 for: 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Coauthor 

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 



Open World DB 

• What if fact missing? 

 

• Probability 0 for: 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Coauthor 

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

Q2 = ∃x Coauthor(Bieber,x)  ∧ Coauthor(Erdos,x) 



Open World DB 

• What if fact missing? 

 

• Probability 0 for: 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Coauthor 

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

Q2 = ∃x Coauthor(Bieber,x)  ∧ Coauthor(Erdos,x) 

Q3 = Coauthor(Einstein,Straus)  ∧ Coauthor(Erdos,Straus) 



Open World DB 

• What if fact missing? 

 

• Probability 0 for: 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Coauthor 

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

Q2 = ∃x Coauthor(Bieber,x)  ∧ Coauthor(Erdos,x) 

Q3 = Coauthor(Einstein,Straus)  ∧ Coauthor(Erdos,Straus) 

Q4 = Coauthor(Einstein,Bieber)  ∧ Coauthor(Erdos,Bieber) 



Open World DB 

• What if fact missing? 

 

• Probability 0 for: 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Coauthor 

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

Q2 = ∃x Coauthor(Bieber,x)  ∧ Coauthor(Erdos,x) 

Q3 = Coauthor(Einstein,Straus)  ∧ Coauthor(Erdos,Straus) 

Q4 = Coauthor(Einstein,Bieber)  ∧ Coauthor(Erdos,Bieber) 

Q5 = Coauthor(Einstein,Bieber)  ∧ ¬Coauthor(Einstein,Bieber) 



Intuition 

 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 
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Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 
Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

Q3 = Coauthor(Einstein,Straus)  ∧ Coauthor(Erdos,Straus) 

Q4 = Coauthor(Einstein,Bieber)  ∧ Coauthor(Erdos,Bieber) 

[Ceylan, Darwiche, Van den Broeck; KR’16] 



Intuition 

 

 

X Y P 

Einstein Straus 0.7 

Erdos Straus 0.6 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

We know for sure that P(Q1) ≥ P(Q3), P(Q1) ≥ P(Q4) 

       

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 

Q3 = Coauthor(Einstein,Straus)  ∧ Coauthor(Erdos,Straus) 

Q4 = Coauthor(Einstein,Bieber)  ∧ Coauthor(Erdos,Bieber) 
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and P(Q3) ≥ P(Q5), P(Q4) ≥ P(Q5) because    P(Q5) = 0. 

We have strong evidence that P(Q1) ≥ P(Q2). 

Q1 = ∃x Coauthor(Einstein,x)  ∧ Coauthor(Erdos,x) 
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OR 

[De Raedt et al; IJCAI’15] 
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0.6::Coauthor(x,y) :- Affiliation(x,z) ∧ Affiliation(y,z). 

OR 

What is the likelihood, precision, accuracy, …? 

[De Raedt et al; IJCAI’15] 
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Open-World Prob. Databases 

Intuition: tuples can be added with P < λ  

Q2 = Coauthor(Einstein,Straus)  ∧ Coauthor(Erdos,Straus) 

X Y P 

Einstein Straus 0.7 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Coauthor 

X Y P 

Einstein Straus 0.7 

Einstein Pauli 0.9 

Erdos Renyi 0.7 

Kersting Natarajan 0.8 

Luc Paol 0.1 

… … … 

Erdos Straus λ 

Coauthor 

0.7 * λ  ≥ P(Q2)  ≥ 0 



How open-world query 

evaluation?  



UCQ / Monotone CNF 

• Lower bound = closed-world probability 

• Upper bound = probability after adding all 

tuples with probability λ 
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UCQ / Monotone CNF 

• Lower bound = closed-world probability 

• Upper bound = probability after adding all 

tuples with probability λ 

 

• Polynomial time☺ 

• Quadratic blow-up  

• 200 exabytes … again  
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[Ceylan’16] 

Complexity Results 



Implement PDB Query in SQL 

– Convert to nested SQL recursively 

– Open-world existential quantification 

 

 

 

 

– Conjunction 

 

 

 

 

– Run as single                             query! 

SELECT (1.0-(1.0-pUse)*power(1.0-0.0001,(4-ct))) AS pUse 

FROM 

  (SELECT ior(COALESCE(pUse,0)) AS pUse, 

          count(*) AS ct 

   FROM SQL(conjunction) 

0.0001 = open-world probability; 4 = # open-world query instances 

ior = Independent OR aggregate function 

Q = ∃x P(x) ∧ Q(x) 

SELECT q9.c5, 

  COALESCE(q9.pUse,λ)*COALESCE(q10.pUse,λ) AS pUse 

FROM 

  SQL(Q(X)) OUTER JOIN SQL(P(X)) 
SELECT Q.v0 AS c5, 

       p AS pUse 

         FROM Q 

[Tal Friedman, Eric Gribkoff] 
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 What is the broader picture? 

 First-Order Model Counting 
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Model Counting 

• Model = solution to a propositional logic formula Δ 

• Model counting = #SAT 

Rain Cloudy Model? 

T T Yes 

T F No 

F T Yes 

F F Yes 

#SAT = 3 

+ 

  Δ = (Rain ⇒ Cloudy) 

[Valiant]  #P-hard, even for 2CNF 



Weighted Model Count 

• Weights for assignments to variables 

• Model weight = product of variable weights 
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Weighted Model Count 

• Weights for assignments to variables 

• Model weight = product of variable weights 

 

 

 

 

 

 

  Rain 

w(R) w(¬R) 

1 2 

  Cloudy 

w(C) w(¬C) 

3 5 

Rain Cloudy Model? 

T T Yes 

T F No 

F T Yes 

F F Yes 

  Δ = (Rain ⇒ Cloudy) 



Weighted Model Count 

Weight 

1 * 3 =   3  

              0 

2 * 3 =   6 

2 * 5 = 10 

WMC = 19 

• Weights for assignments to variables 

• Model weight = product of variable weights 

 

 

 

 

 

 

+ 

  Rain 

w(R) w(¬R) 

1 2 

  Cloudy 

w(C) w(¬C) 

3 5 

Rain Cloudy Model? 

T T Yes 

T F No 

F T Yes 

F F Yes 

  Δ = (Rain ⇒ Cloudy) 



Assembly language for  

probabilistic reasoning 

Bayesian networks 
Factor graphs 

Probabilistic 
databases 

Relational Bayesian 
networks 

Probabilistic 
logic programs 

Markov Logic 

Weighted Model 
Counting 

[Chavira 2006, Chavira 2008, Sang 2005, Fierens 2015] 



... 

Simple Reasoning Problem 

? 

Probability that Card1 is Hearts? 1/4 

[Van den Broeck; AAAI-KRR’15] 



Model distribution by FOMC: 

 

 

 

 

... 

∀p, ∃c, Card(p,c) 

∀c, ∃p, Card(p,c) 

∀p, ∀c, ∀c’, Card(p,c) ∧ Card(p,c’) ⇒ c = c’ 

Δ =  

[Van den Broeck 2015] 



Beyond NP Pipeline for #P 

Reduce to propositional model counting: 

 

 

 

 

[Van den Broeck 2015] 



Beyond NP Pipeline for #P 

Reduce to propositional model counting: 

 

 

 

 

Card(A♥,p1) v … v Card(2♣,p1) 

Card(A♥,p2) v … v Card(2♣,p2) 

… 

Card(A♥,p1) v … v Card(A♥,p52) 

Card(K♥,p1) v … v Card(K♥,p52) 

…  

¬Card(A♥,p1) v ¬Card(A♥,p2)  

¬Card(A♥,p1) v ¬Card(A♥,p3) 

… 

Δ =  

[Van den Broeck 2015] 



Beyond NP Pipeline for #P 

Reduce to propositional model counting: 

 

 

 

 

Card(A♥,p1) v … v Card(2♣,p1) 

Card(A♥,p2) v … v Card(2♣,p2) 

… 

Card(A♥,p1) v … v Card(A♥,p52) 

Card(K♥,p1) v … v Card(K♥,p52) 

…  

¬Card(A♥,p1) v ¬Card(A♥,p2)  

¬Card(A♥,p1) v ¬Card(A♥,p3) 

… 

Δ =  

What will 

happen? 

[Van den Broeck 2015] 
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Card(K♥,p52) 

Model counting: How many perfect matchings? 
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handle cards problem efficiently! 
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• # models = # perfect matchings 
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No propositional WMC solver can  

handle cards problem efficiently! 



Symmetric Weighted FOMC 

No database!       No literal-specific weights! 

Def. A weighted vocabulary is (R, w), where 

– R = (R1, R2, …, Rk) = relational vocabulary 

– w = (w1, w2, …, wk) = weights 

– Implicit weights: w(Ri(t)) = wi 

 

Special case: wi = 1 is model counting 

Complexity in terms of domain size n 



FOMC Inference Rules  

• Simplification to ∃,∀ rules: 

 

 
For example: 

P(∀z Q) =  P(Q[C1/z])|Domain| 

[VdB’11] 
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For example: 

P(∀z Q) =  P(Q[C1/z])|Domain| 

The workhorse 

of FOMC 

• A powerful new inference rule: atom counting 

Only possible with symmetric weights 

Intuition: Remove unary relations 

 

[VdB’11] 
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Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 
 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

→                             models 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

 If we know that there are k smokers? 

→                             models 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

 If we know that there are k smokers? 

→                             models 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

→                                        models 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

 If we know that there are k smokers? 

 In total… 

→                             models 

Database: 
Smokes(Alice) = 1 
Smokes(Bob) = 0 
Smokes(Charlie) = 0 
Smokes(Dave) = 1 
Smokes(Eve) = 0 
... 

→                                        models 

Smokes Smokes Friends 

[Van den Broeck 2015] 

Δ = ∀x ,y ∈ People:  Smokes(x) ∧ Friends(x,y) ⇒ Smokes(y) 



 

First-Order Model Counting: Example 

 If we know D precisely: who smokes, and there are k smokers? 

 

k 

n-k 

k 

n-k 

 If we know that there are k smokers? 

 In total… 

→                             models 

Database: 
Smokes(Alice) = 1 
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Playing Cards Revisited 

∀p, ∃c, Card(p,c) 
∀c, ∃p, Card(p,c)  

∀p, ∀c, ∀c’, Card(p,c) ∧ Card(p,c’) ⇒ c = c’ 

Computed in time polynomial in n 

[Van den Broeck.; AAAI-KR’15] 



Open-World Lifted Query Eval 

All together, probability (1-p)k 
 

Q = ∃x ∃y Smoker(x) ∧ Friend(x,y) 

P(Q) =  1 - ΠA ∈ Domain (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 
  

 

   = 1 - (1 - P(Scientist(A) ∧ ∃y Coauthor(A,y)) 

  x (1 - P(Scientist(B) ∧ ∃y Coauthor(B,y)) 

  x (1 - P(Scientist(C) ∧ ∃y Coauthor(C,y)) 

  x (1 - P(Scientist(D) ∧ ∃y Coauthor(D,y)) 

  x (1 - P(Scientist(E) ∧ ∃y Coauthor(E,y)) 

  x (1 - P(Scientist(F) ∧ ∃y Coauthor(F,y))  

      … 



Open-World Lifted Query Eval 

All together, probability (1-p)k 
 

Open-world query evaluation on empty db  

= Symmetric First-Order Model Counting 
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Young(y) 
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Properties Properties 

Friends(x,y) 

Colleagues(x,y) 

Family(x,y) 

Classmates(x,y) 

Relations 

FO2 is liftable! 

“Smokers are more likely to be friends with other smokers.” 
“Colleagues of the same age are more likely to be friends.” 

“People are either family or friends, but never both.” 
“If X is family of Y, then Y is also family of X.” 

“If X is a parent of Y, then Y cannot be a parent of X.” 
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Δ = ∀x,y,z, Friends(x,y) ∧ Friends(y,z) ⇒ Friends(x,z) 

[VdB; NIPS’11+, [VdB et al.; KR’14], [Gribkoff, VdB, Suciu; UAI’15+, [Beame, VdB, Gribkoff, Suciu; PODS’15+, etc. 
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Statistical Relational Learning 

Evaluation in time polynomial in domain size! 
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Lifted Machine Learning 

•  Given:  A set of first-order logic formulas 
                A set of training databases 

•  Learn:  Maximum-likelihood weights 

 

 

 

 

 

• Also structure learning! 

[Van Haaren et al.; MLJ’15+ 
 

900,030,000  
random  
variables 



The Even Broader Picture 

• Statistical relational learning (e.g., Markov logic) 

Open-domain models (BLOG) 

• Probabilistic description logics 

• Certain query answers in databases 

• Open information extraction 

• Learning from positive-only examples 

• Imprecise probabilities 

Credal sets, interval probability, qualitative uncertainty 

• Credal Bayesian networks  



Conclusions  

 Relational probabilistic reasoning is frontier and 

integration of AI, KR, ML, DB, TH, etc. 

 We need 

– relational models and logic 

– probabilistic models and statistical learning 

– algorithms that scale 

• Open-world data model 

– semantics makes sense 

– FREE for UCQs, expensive otherwise 

– deep connection to model counting 
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