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ABSTRACT

Artificial genomes (AGs) are increasingly used to benchmark genomic pipelines,
test population genetic hypotheses, and construct reference panels for genotype
imputation, while avoiding restrictions associated with sharing real genomes.
However, existing approaches often struggle to jointly achieve realism, compu-
tational efficiency, and privacy preservation. We introduce Genetic Probabilis-
tic Circuits (GPC), a deep generative model for genetic variation data based on
hidden Chow–Liu trees represented as probabilistic circuits. GPC captures long-
range dependencies among SNPs and is simple to train. We evaluate GPC across
multiple ancestries in two large-scale datasets, the 1000 Genomes Project and
UK Biobank. GPC matches or exceeds prior methods in generating AGs that
resemble real genomes with the AGs retaining population structure underlying
the training genomes. The AGs from GPC more faithfully reproduce patterns of
linkage disequilibrium (LD; correlations between nearby genetic variants) across
length scales. We also find that GPC consistently improves imputation accuracy
by 3–33% in r2 over the next best generative model, with gains of 13–279% for
low-frequency variants (MAF <1%). For underrepresented populations, GPC
improves accuracy by 12–96% over European-only reference panels. Finally, we
demonstrate that GPC provides improved privacy-utility tradeoffs compared to
existing approaches, enabling accurate inference when sharing real genomes is
restricted.

1 INTRODUCTION

Generative models of genetic variation are central to population genomics, supporting genotype im-
putation (Marchini & Howie, 2010), haplotype phasing (Browning & Browning, 2011), and the gen-
eration of artificial genomes (AGs) for benchmarking and hypothesis testing (Hudson, 2002; Kelle-
her et al., 2016; Baumdicker et al., 2021). As sharing primary genetic data becomes increasingly
restricted due to privacy constraints, accurate generative models have become essential—trained
models or simulated data can be shared without exposing identifiable genomic information.

Recent deep generative models based on GANs (Yelmen et al., 2023; Szatkownik et al., 2024),
VAEs (Battey et al., 2021; Geleta et al., 2023), and RBMs (Yelmen et al., 2023) can produce realis-
tic AGs but have critical limitations: they lack tractable likelihoods for principled model comparison
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and cannot directly compute conditional probabilities needed for imputation. Training is also chal-
lenging, requiring extensive hyperparameter tuning with heuristic convergence criteria.

We introduce Genetic Probabilistic Circuits (GPC), a deep generative model based on hidden Chow-
Liu trees (HCLTs) represented as probabilistic circuits (PCs). GPC captures long-range linkage
disequilibrium (LD) through �exible tree structures over latent variables, while PCs enable exact
likelihood computation and conditional inference in linear time. This tractability allows GPC to
perform genotype imputation directly via conditional queries, rather than requiring AG generation
as an intermediate step.

Across the 1000 Genomes Project and UK Biobank, we show that GPC (1) achieves higher held-out
likelihoods than HMMs and other baselines, (2) generates AGs that faithfully preserve population
structure and LD patterns across all length scales, (3) improves imputation accuracy, particularly
for underrepresented populations, and (4) provides better privacy-utility tradeoffs than existing deep
generative approaches. Speci�cally, GPC achieves 3–33% higher imputation r2 than the next best
generative approach, with improvements of 13–279% for low-frequency variants. In population-
speci�c settings, direct imputation with GPC outperforms European reference panels by 12–96%.

2 BACKGROUND

Population genetic simulators traditionally rely on the coalescent model (Hudson, 1983), generat-
ing genomes based on demographic history, mutation, and recombination. While highly expressive,
exact inference is computationally challenging. Tractable approximations include Markovian coa-
lescent simulators (McVean & Cardin, 2005; Kelleher et al., 2016) and the product-of-approximate-
conditionals (PAC) model (Li & Stephens, 2003), which yields hidden Markov models (HMMs).
HMM-based methods have been highly successful for phasing (Scheet & Stephens, 2006; Delaneau
et al., 2012), imputation (Howie et al., 2012), and ancestry inference (Baran et al., 2012).

More recently, deep generative models such as GANs, VAEs, and RBMs have been applied to ge-
netic data, offering greater expressivity than HMMs and generating AGs that resemble real genomes
in PCA projections (Yelmen et al., 2023; Battey et al., 2021). However, GANs and RBMs lack
tractable likelihoods, and VAEs provide only lower bounds, limiting quantitative model compari-
son. For imputation, these models require generating AGs to serve as reference panels for external
tools (Rubinacci et al., 2020; Browning et al., 2018), rather than computing conditional probabilities
directly.

Hidden Chow-Liu trees (HCLTs) (Liu & Van den Broeck, 2021) address these limitations by gen-
eralizing HMMs to allow latent variables to form arbitrary tree structures learned via the Chow-Liu
algorithm (Chow & Liu, 1968), capturing long-range dependencies that chain-structured HMMs
cannot. Representing HCLTs as probabilistic circuits (Vergari et al., 2020; Choi et al., 2020) enables
exact marginal and conditional queries in time linear in circuit size, combining expressivity with
tractability.

3 METHODS OVERVIEW

GPC is based on hidden Chow-Liu trees (HCLTs) (Liu & Van den Broeck, 2021), latent variable
models where each observed SNP Xn is associated with a hidden variable Zn , and the hidden vari-
ables form a tree-structured graphical model (Figure 1). HCLTs generalize hidden Markov models
(HMMs): whereas HMMs impose a �xed chain structure over hidden variables corresponding to
consecutive SNPs, HCLTs learn an arbitrary tree structure via the Chow-Liu algorithm (Chow &
Liu, 1968). By relaxing the chain assumption, HCLTs make fewer structural assumptions about
how SNPs depend on one another, allowing the model to better capture correlations between vari-
ants — including those that are far apart in the genome. The tree structure is learned directly from
data, so the model adapts to the correlation patterns present in the population being modeled rather
than assuming a �xed topology.

We represent HCLTs as probabilistic circuits (PCs) (Vergari et al., 2020; Choi et al., 2020), a circuit-
based formalism that enables exact computation of marginal and conditional probabilities in time
linear in the number of SNPs. This tractability is what distinguishes GPC from existing deep
generative approaches: rather than relying on approximate inference or requiring AGs as an in-
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termediate step, GPC can directly compute the probability of unobserved variants conditioned on
observed ones, enabling principled genotype imputation. The PC representation also enables GPU-
accelerated parameter learning via Expectation-Maximization using the PyJuice package (Liu et al.,
2024), making it feasible to train models with tens of millions of parameters in a few hours on a
single GPU — a scale that would be computationally prohibitive for classical graphical model im-
plementations. Sampling AGs is performed via ancestral sampling over the PC, and convergence can
be monitored objectively via held-out log-likelihood. Full model and inference details are provided
in Appendix A.2.

Figure 1: Generating HCLT structures given genetic data. The hidden variables (Zi ) correspond-
ing to SNPs with high pairwise correlations (Xi ) are connected to each other in the HCLT graphical
model.

4 RESULTS

4.1 DATA

We evaluate GPC on three datasets: 1000 Genomes Project Phase 3 (1KG) (Auton et al., 2015), UK
Biobank (UKBB) (Bycroft et al., 2018), and high-coverage 1KG (Byrska-Bishop et al., 2022). The
high-coverage dataset is used only for array-based imputation (see Appendix A.1 for details).

4.2 EVALUATION

Baselines To benchmark our model performance in estimating density and simulating arti�cial
genomes, we �rst compare it to three popular probabilistic graphical models (PGMs) that support
tractable likelihood computation: fully-factorized distributions (INDEP), Markov chain models of
order 1 (MARKOV) and non-homogeneous hidden Markov models (HMM).

We also compare against deep learning methods that have been proposed for AG generation: (1)
generative adversarial networks (WGAN) and (2) Restricted Boltzmann machines (RBM) as im-
plemented in (Yelmen et al., 2021). For both deep learning baselines, we use the samples generated
by the corresponding authors for comparison1 in our 1KG experiments, but we also retrain their
models on our own training split to ensure a fair comparison.

Evaluation criteria We evaluate these models using the following metrics: (1) log-likelihood on
test data to assess the capability of each model as a density estimator; (2) summaries of AGs sampled
from each model that include the top principal components and linkage disequilibrium at pairs of
SNPs; (3) genotype imputation which evaluates the models' utility on an important downstream
task; (4) and privacy analysis of the AGs sampled from each model.

4.3 TRAINING SPECIFICATIONS

Training GPC requires minimal hyperparameter tuning: we set the number of latent states to 128
and use a small pseudocount (0.005) for smoothing. On a single NVIDIA RTX A5000 GPU, GPC
trains in 2–6 hours depending on dataset size, with per-sample generation in under 5 seconds and

1Note that (Yelmen et al., 2021) did not do train/test splits so WGAN and RBM are actually trained on
train+test.
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Table 1: Comparison of probabilistic models that support tractable likelihood computation
in 1KG and UKBB data. Averaged training and test log-likelihoods and model sizes for INDEP,
MARKOV HMM, and GPC. The bold values highlight the best averaged log-likelihoods.

Dataset Category INDEP MARKOV HMM GPC

1KG
train LL -2386.81 -1806.33 -591.08 -202.51
test LL -2404.51 -1819.96 -599.88 -265.06

#params 10.00k 39.99k 163774.98k 88473.73k

UKBB
train LL -1642.62 -1360.86 -554.88 -120.10
test LL -1648.03 -1362.16 -554.38 -127.75

#params 9.82k 39.27k 160825.86k 88850.56k

imputation in 20 milliseconds. Unlike GANs and RBMs, convergence can be monitored via held-out
log-likelihood, providing an objective stopping criterion. Full training details are in Appendix A.2.4.

4.4 RECONSTRUCTING LOCAL POPULATION STRUCTURE

We �rst compared the ability of different generative models to represent genetic variation in the
1KG and UKBB datasets. We simulate AGs with GPC and all �ve baselines (INDEP, MARKOV,
HMM, WGAN, and RBM) for comparison. For both datasets, we use an 80% train / 20% test split
performed at the individual level before haplotype separation; we generate 5; 008 AGs from each
model for 1KG and 10; 000 AGs for UKBB.

GPC learns more accurate probabilistic models than fully-factorized distributions, Markov chains,
and HMMs as measured by their log likelihood on the test dataset that was not used for model �tting
(Table 1). Note that we do not compare with WGAN and RBM since they do not support tractable
exact likelihood computation. We additionally evaluated the quality of AGs based on whether they
preserve distances across pairs of haploid genomes. To do this, we compute the pairwise differ-
ences of haploid genomes within a single dataset or between the test dataset and an AG dataset and
compute the Wasserstein distance between these pairs of distributions where a lower Wasserstein
distance indicates that the AGs tend to be more similar to real genomes in the test dataset. WGAN,
RBM, and GPC all capture the distribution well with GPC having second-lowest distance behind
WGAN on 1KG and having the lowest distance on UKBB (Figure S3 and rows 1-2 of Table S1).

We then analyze the quality of AGs generated by all models in terms of capturing commonly-used
summaries of genetic variation data. To visualize all methods in the same latent space, we merge
eight datasets (training set, test set, and AGs from six methods) and apply a single PCA to the
combined data. Inspecting the top six principal components (PCs) of genomes in the test set and
the AGs, we �nd that AGs generated from GPC qualitatively capture the dominant structure in this
dataset as do the deep learning methods (WGAN and RBM), unlike INDEP, MARKOV, and HMM
(Figure S1 for 1KG and Figure S2 for UKBB).

To quantify the accuracy of these summaries, we computed the Wasserstein distance between the
2D PCA representations of the test data versus the simulated data (Table S1). Wasserstein distances
between the 2D PCA representations of test data versus simulated data for the deep learning methods
(WGAN, RBM, and GPC) tend to be lower than the other methods.

Since SNPs from a given genomic region tend to be correlated, we also examined patterns of linkage
disequilibrium (LD) to assess how the pairwise short and long-range correlations of SNPs can be
captured by AGs. In both sets of plots, SNPs that were �xed (monomorphic) in at least one of the
datasets (ground truth or AGs) were removed before LD computations. While WGAN and RBM
tend to be accurate at longer length scales and HMM and MARKOV are accurate at shorter length
scales, GPC is accurate across all length scales (Figure 2).

4.5 IMPUTATION ACCURACY

A key downstream application of generative models is genotype imputation. One approach is to
generate AGs as reference panels for an imputation tool; we use Impute5 (Rubinacci et al., 2020)
for this purpose. Alternatively, GPC can perform imputation directly via conditional probability
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(a) LD decay (full range) (b) Absolute error per bin

Figure 2: Linkage disequilibrium decay of AGs (1KG). LD was estimated as pairwise squared
correlations r2 between SNP genotypes of the test data and AGs. Distances were binned on a
logarithmic scale, and within each bin the mean r2 was computed (error bars denote the standard
error of the mean). Truth represents the LD distribution of the training data. (a) LD decay across the
full length scale of the genomic locus; (b) absolute error in mean r2 per distance bin relative to the
test data. GPC matches the true LD distribution across all SNP distances (see Figure S4 for UKBB
results and Table S2 for detailed metrics).

queries over the learned model. This direct imputation capability is unique to GPC among the deep
generative approaches we consider, and directly targets the imputation objective rather than using
AG generation as an intermediate step.

Following the same training protocol as in Section 4.4, we use 80/20 train/test splits and generate
the same number of AGs per dataset. For population-speci�c experiments, the same 80/20 split
is applied within the target population. Following the experimental protocol established in prior
work (Rubinacci et al., 2020; Browning et al., 2018; Yu et al., 2022), we evaluate imputation ac-
curacy at each SNP by removing the selected SNP from the test haplotypes while keeping all other
SNPs observed. Imputation is then performed conditional on the remaining observed SNPs in the
test haplotypes. We calculate the squared Pearson correlation (r2) between the imputed posterior
probabilities of carrying allele 1 at the target SNP and the true allelic state at the target SNP (exclud-
ing monomorphic SNPs); results are aggregated into logarithmically spaced bins by minor allele
frequency (MAF) with 95% con�dence intervals computed from 10 bootstrapped replicates. This
single-SNP imputation protocol follows the approach of Yu et al. (2022) (Sections 4.5.1 and 4.5.2).
We additionally evaluate multi-SNP imputation from genotyping arrays following Rubinacci et al.
(2020) and Browning et al. (2018) for which we use the high-coverage 1KG dataset (Section 4.5.3).
Details on imputation using Impute5 are provided in Section A.3.

We consider two broad scenarios for imputation. In the �rst (general) scenario, imputation is ap-
plied to genotypes from a cosmopolitan sample (test set) consisting of individuals from multiple
ancestries with AGs generated by different models that were also trained on a cosmopolitan panel
of matched ancestries consisting of a distinct set of individuals (training set). This setting re�ects
common practice in large-scale genetic studies where diverse reference panels are used to impute
missing genotypes across heterogeneous cohorts. The second (population-speci�c) scenario consid-
ers a setting in which imputation is to be performed in a population for which reference genomes are
limited or restricted. Because the target population might be under-represented in public reference
panels, imputation accuracy in these populations might be adversely impacted. This scenario is par-
ticularly relevant for underrepresented populations in genomic research, where privacy constraints
or limited sequencing resources may restrict the availability of ancestry-matched reference data. For
the population-speci�c analyses, we designate a target population which is limited or restricted in
access. We consider two sets of target populations: all individuals of non-European ancestry and
all individuals of African ancestry. In each of these settings, we also explore how the accuracy of
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imputation is impacted when AGs are combined with real genomes (possibly with different genetic
ancestry characteristics than the target population) that might be available.

4.5.1 GENERAL IMPUTATION

We �rst examine the general setting, in which models are trained and tested on random splits of the
1KG and UKBB datasets. For 1KG, we also include a comparison to 5; 008 AGs based on �tting
WGAN and RBM to the same genomic region that were made available by the authors of Yelmen
et al. (2023).

We see that reference panels composed entirely of real genomes achieve the highest imputation
accuracy across all MAF bins, providing an approximate upper bound on achievable performance
(Figure 3a for 1KG and Figure 3b for UKBB). Among models capable of generating AGs, GPC
obtains the highest imputation accuracy across MAF bins. Averaged across both datasets, GPC
(direct) achieves a 0.168 (27.5%) improvement in r2 over the next best method, RBM (0.230 (174%)
for low-frequency variants with MAF < 1%). GPC (direct) imputation—via conditional probability
queries rather than simulated AGs—tends to be the more accurate version, achieving a 0.105 (15.5%)
improvement in r2 (0.195 (61.5%) for low-frequency variants) over GPC, likely due to directly
targeting the imputation objective rather than use of simulated AGs.

(a) 1KG (b) UKBB

Figure 3: General imputation. The black and light blue lines denote imputation results using
Impute5 with real reference genomes and direct imputation using GPC, respectively. The other
lines show imputation results using Impute5 with AG reference panels. RBM/WGAN (full) show
results using AGs provided by the authors of Yelmen et al. (2023) (see Table S3 for detailed metrics).

4.5.2 POPULATION-SPECIFIC IMPUTATION

We next consider a scenario in which reference genomes for a target population are restricted. Be-
cause large public datasets are predominantly of European ancestry, we consider scenarios where
the target population consists of individuals of either non-European or African ancestry. In this
setting, imputation accuracy in the target population can be degraded when public European refer-
ence genomes are used. AGs speci�c to the target population generated by GPC can mitigate this
challenge by learning from an ancestry-matched set of private reference genomes. We also evaluate
combined reference panels formed by augmenting real European data with population-speci�c AGs.

Analogous to the general imputation experiments, GPC (direct) remains the most accurate across
MAF bins (Figures S5 and S6 for 1KG and UKBB respectively). Figure 4 highlights results for
the non-European target population in 1KG. Averaged across datasets and ancestries, GPC (direct)
achieves a 0.154 (33%) improvement in r2 over the next best method, RBM (0.202 (279%) for
low-frequency variants). Unlike in the general imputation setting, GPC, when used for direct im-
putation, tends to be more accurate than using a reference panel of European genomes, consistent
with the distributional mismatch between the reference and target populations. Averaged across
datasets and ancestries, GPC (direct) achieves a 0.056 (12.3%) improvement in r2 over Impute5
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using European genomes (0.012 (42.1%) for low-frequency variants). Finally, we �nd that com-
bining population-speci�c AGs with European genomes consistently improves accuracy across all
MAF bins. Averaged across datasets and ancestries, GPC (direct) achieves a 0.011 (1.8%) improve-
ment in r2 over itself when including European genomes in the reference panel (0.023 (12.3%) for
low-frequency variants).

A useful contrast emerges when comparing the 1KG and UKBB settings. In UKBB, the real Eu-
ropean reference panel performs noticeably better than in 1KG, particularly at low MAF. This is
a direct consequence of our sampling strategy (Section 4.1), where we intentionally subsampled
equal numbers of individuals from each population. By matching the sample sizes, we ensured
that differences in performance could not be attributed simply to the overwhelming availability of
European data. Even under this balanced design, however, GPC (direct) consistently achieves the
highest accuracy on average across all SNPs. At very low MAF, real European reference panels still
have a slight advantage – likely re�ecting the challenge of estimating rare variant distributions from
limited population-speci�c data – but GPC again remains the most accurate when the European and
population-speci�c data are combined. Overall, these results demonstrate that GPC produces high-
�delity population-speci�c AGs and that its imputation capability offers substantial gains across the
full MAF spectrum, even in settings where European reference data are equally abundant.

Taken together, population-speci�c AGs from GPC can substantially enhance imputation accuracy
in underrepresented groups, either by augmenting existing reference panels or through direct condi-
tional imputation.

(a) Non-European AGs only (b) Combined with European data

Figure 4: Population-speci�c imputation for non-European target (1KG). The black line shows
results using Impute5 with real European data as the reference panel. (a) AG lines show results
using non-European AGs alone, and the light blue line shows direct imputation with GPC trained
on non-European data. (b) AG lines show results using combined reference panels (real European
data plus non-European AGs), and the light blue line shows direct imputation with GPC trained on
both European and non-European data (see Table S4 for detailed metrics).

4.5.3 ARRAY-BASED IMPUTATION

We also evaluate GPC in a more realistic scenario of imputation from variants genotyped on a
commonly-used SNP array. In this experiment, we attempted to impute SNPs genotyped in the
high-coverage 1KG dataset from variants that were typed on the HumanOmni5Exome array (see
Section A.1.3 for details). This scenario requires jointly imputing 86% of SNPs in the genomic
region using the SNPs typed on the array.

GPC (direct) remains the most accurate in both the general (Figure S7) and population-speci�c set-
tings (Figure S8). Figure 5 highlights results for the non-European target population. In the general
setting, GPC (direct) achieves a 0.020 (3.5%) improvement in r2 over the next best method, RBM
(0.043 (14.3%) for low-frequency variants). In the population-speci�c setting, averaged across both
ancestries, GPC (direct) achieves a 0.030 (5.3%) improvement in r2 over RBM (0.040 (12.7%)
for low-frequency variants). In contrast to our previous imputation experiments, here the best per-
formance is achieved by GPC (direct) trained solely on the population-speci�c data, rather than a
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combined population-speci�c plus European dataset. Thus, the optimal imputation strategy is likely
determined by a combination of genetic ancestries, sample size, and SNP sets, and needs further
investigation. These results suggest population-speci�c modeling may provide accuracy gains over
aggregating across populations in realistic imputation scenarios.

(a) Non-European AGs only (b) Combined with European data

Figure 5: Array-based imputation for non-European target. The task is to simultaneously impute
86% of SNPs (12; 551 of 14; 670) that are absent from the HumanOmni5Exome array using high-
coverage 1KG data. The black line shows results using Impute5 with real European data as the
reference panel. (a) AG lines show results using non-European AGs alone, and the light blue line
shows direct imputation with GPC trained on non-European data. (b) AG lines show results using
combined reference panels (real European data plus non-European AGs), and the light blue line
shows direct imputation with GPC trained on both European and non-European data (see Table S7
for detailed metrics).

4.6 PRIVACY

To evaluate the privacy of the AGs, we compute the nearest neighbor adversarial accuracy (AATS)
metric introduced by Yale et al. (2020). This metric measures how well synthetic data can be dis-
tinguished from real data based on nearest-neighbor distances. The metric decomposes into two
components: AATRUTH, which measures whether real samples are closer to other real samples than
to synthetic ones, and AASYN, which measures the analogous property for synthetic samples. Values
close to 0.5 for both components indicate an ideal balance between utility (synthetic data resem-
bles real data) and privacy (synthetic data is not simply copying real data). We report AATRUTH
and AASYN separately rather than their average, as the overall AATS can mask pathological cases
where poor values cancel out (see Section A.4.1 for details).

We observe that GPC obtains AATRUTH and AASYN closest to 0.5 among all deep generative mod-
els for both the 1KG and UKBB datasets (Table 2), indicating the best balance between utility and
privacy. The near-zero AASYN values for RBM suggest that its synthetic samples closely mimic in-
dividual training examples rather than forming a coherent independent distribution — a sign of mode
collapse and a meaningful privacy risk despite its reasonable imputation performance. Conversely,
WGAN exhibits high values for both components, indicating that its synthetic distribution is too
far from the real data, sacri�cing utility. This ordering is consistent with what we observe in impu-
tation accuracy, where RBM trails GPC but outperforms WGAN across most settings. However,
we note that even GPC's values are not yet at the ideal 0.5, and the AATRUTH values in particular
remain above 0.5, suggesting that the synthetic data is still somewhat distinguishable from real data.
Stronger privacy guarantees — for instance via differentially private EM algorithms — remain an
important direction for future work.

5 DISCUSSION

We introduced GPC, a deep generative model for genetic variation that combines the expressivity
of hidden Chow-Liu trees with the tractability of probabilistic circuits. Unlike GANs and RBMs,
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Table 2: Nearest neighbor adversarial accuracy (AATRUTH , AA SYN) for synthetic data generated
by RBM, WGAN, and GPC, evaluated separately on training and test splits from the 1KG and
UKBB datasets. Values closest to 0.5 are bolded to highlight the best trade-off between utility and
privacy.

Dataset Metric RBM WGAN GPC

1KG

AA TRUTH (Train) 0.9561 0.8103 0.7185
AA TRUTH (Test) 0.9928 0.7764 0.7680
AA SYN (Train) 0.0024 0.7356 0.4225
AA SYN (Test) 0.0276 0.7847 0.5304

UKBB

AA TRUTH (Train) 0.9954 0.9674 0.9204
AA TRUTH (Test) 0.9962 0.9688 0.9198
AA SYN (Train) 0.0064 0.7768 0.5324
AA SYN (Test) 0.0160 0.7582 0.4630

GPC supports exact likelihood computation, which serves two practical purposes: it enables ob-
jective convergence monitoring during training, and it allows imputation to be performed directly
via conditional probability queries rather than through the indirect route of generating AGs as ref-
erence panels. Across 1KG and UKBB, GPC accurately captures population structure and LD
patterns across all length scales simultaneously — an advantage over HMMs and Markov chains,
which are accurate only at short ranges, and over GANs and RBMs, which tend to be accurate only
at longer ranges. Imputation performance is consistently strong, with particularly large gains for
low-frequency variants and underrepresented populations where ancestry-matched reference data is
scarce or restricted.

Our results reveal that the optimal imputation strategy depends on the nature of the task. When
imputing single SNPs independently, combining ancestry-matched AGs with European reference
data consistently improves accuracy, suggesting that increased haplotype diversity bene�ts infer-
ence even when there is some distributional mismatch. However, for array-based imputation where
many correlated variants must be imputed jointly, population-speci�c models outperform combined
panels, indicating that the local LD structure of the target population becomes the dominant factor.
Privacy evaluation using AATS shows that GPC achieves the best utility-privacy balance among all
deep generative approaches evaluated, though the AATRUTH values above 0.5 indicate that the syn-
thetic data remains somewhat distinguishable from real data. Providing formal privacy guarantees,
for instance through differentially private EM algorithms, is an important direction for future work.

Several limitations point to directions for further development. GPC currently operates on haploid
genotypes within single genomic regions; extending to genome-wide scale will likely require hi-
erarchical or tiling approaches that combine local circuit models. The model also inherits biases
present in training data, and performance on underrepresented populations will ultimately depend
on the quality and size of available ancestry-matched samples. Additional benchmarks on down-
stream tasks such as �ne-mapping, polygenic risk score construction, and ancestry inference would
more fully characterize the utility of GPC-generated AGs. Despite these limitations, GPC offers a
tractable, easy-to-train framework that addresses a genuine gap: a generative model for genetic vari-
ation that is simultaneously expressive, computationally ef�cient, and capable of exact probabilistic
inference, with particular bene�ts for underrepresented populations where existing approaches fall
short.
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David R. Bentley, Aravinda Chakravarti, Andrew G. Clark, Peter Donnelly, Evan E. Eichler, and
et al. A global reference for human genetic variation. Nature, 526(7571):68–74, Sep 2015. doi:
10.1038/nature15393.

Yael Baran, Bogdan Pasaniuc, Sriram Sankararaman, Dara G Torgerson, Christopher Gignoux, Ce-
leste Eng, William Rodriguez-Cintron, Rocio Chapela, Jean G Ford, Pedro C Avila, et al. Fast
and accurate inference of local ancestry in latino populations. Bioinformatics, 28(10):1359–1367,
2012.

CJ Battey, Gabrielle C Cof�ng, and Andrew D Kern. Visualizing population structure with varia-
tional autoencoders. G3, 11(1):1–11, 2021.

Franz Baumdicker, Gertjan Bisschop, Daniel Goldstein, Graham Gower, Aaron P Ragsdale, Georgia
Tsambos, Sha Zhu, Bjarki Eldon, Castedo E Ellerman, Jared G Galloway, et al. Ef�cient ancestry
and mutation simulation with msprime 1.0. bioRxiv, 2021.

Brian L. Browning, Ying Zhou, and Sharon R. Browning. A one-penny imputed genome from next-
generation reference panels. The American Journal of Human Genetics, 103(3):338–348, Sep
2018. doi: 10.1016/j.ajhg.2018.07.015.

Sharon R Browning and Brian L Browning. Haplotype phasing: existing methods and new devel-
opments. Nature Reviews Genetics, 12(10):703–714, 2011.

Clare Bycroft, Colin Freeman, Desislava Petkova, Gavin Band, Lloyd T. Elliott, Kevin Sharp, Allan
Motyer, Damjan Vukcevic, Olivier Delaneau, Jared O'Connell, and et al. The uk biobank resource
with deep phenotyping and genomic data. Nature, 562(7726):203–209, Oct 2018. doi: 10.1038/
s41586-018-0579-z.

Marta Byrska-Bishop, Uday S. Evani, Xuefang Zhao, Anna O. Basile, Haley J. Abel, Allison A.
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A APPENDIX

A.1 DATASETS

A.1.1 1000 GENOMES PROJECT PHASE 3 (1KG)

We �rst use data from the 1000 Genomes Project (Phase 3), consisting of 2,504 unrelated diploid
genomes spanning diverse ancestries. Because the genomes are phased, we split each into its two
constituent haplotypes, yielding 5,008 haplotypes in total. To avoid any possibility of data leakage,
all train/test splits are performed at the diploid-individual level, before haplotype separation.

Following prior work (Yelmen et al., 2023; 2021), we analyze a contiguous 10K-SNP region on
chromosome 15 (15:27,379,578 – 15:29,625,035). This dataset is used primarily to compare GPC
to restrictive baselines and to evaluate how well it captures population and LD structure. It is also
used in our single-SNP imputation experiments.

A.1.2 UK BIOBANK (UKBB)

To evaluate performance in a larger, secondary cohort, we analyze genotypes from the UK Biobank
(UKBB). We analyzed high-quality imputed SNPs (with a hard call threshold of 0:2 and an INFO
score � 0:8) with MAF � 0:1%. We apply standard quality control by retaining SNPs that are
under Hardy-Weinberg equilibrium (p < 10�6 ) and are con�dently imputed in more than 99% of
the individuals. We retain individuals with no kinship to other individuals (UKBB �eld 22021)
and exclude those with missing ancestry information. Following these procedures, we select an LD
block on chromosome 22 (22:29,456,546 – 22:32,665,772). This yields 337,862 individuals and
9,820 SNPs. Finally, we phase the data using Beagle 5.5.

To ensure computational feasibility for all methods while maintaining statistical power, we randomly
select 5,000 individuals each from the European (EUR), non-European (Non-EUR), and African
(AFR) ancestry groups, yielding 10,000 haplotypes per group after phasing. Due to partial overlap
between the Non-EUR and AFR subsets, the combined imputation dataset includes 26,924 total
haplotypes. Similar to 1KG, we use this dataset to evaluate population/LD structure and single-
SNP imputation. The balanced sampling strategy also allows us to assess whether equal amounts of
European and non-European data can compensate for distributional mismatch when imputing into
non-European test populations.

A.1.3 HIGH-COVERAGE 1KG

To evaluate GPC in a realistic imputation scenario, we consider the high-coverage whole-genome
sequencing release of 1KG, using the same genomic region as in the earlier 1KG analysis, mapped
to build 38 coordinates (15:27,134,431 – 15:29,332,831). We restrict the analysis to the same set
of 2,504 unrelated individuals. This region contains 56,766 variants. After selecting biallelic SNPs
and removing those with minor allele count (MAC) � 20, 14,670 SNPs remain.

Among these, 2,119 SNPs are present on the HumanOmni5Exome-4v1-2A genotyping array. The
remaining 12,551 SNPs (86%) are imputed simultaneously, providing a setting that closely mirrors
real imputation pipelines. This dataset is used for our array-based imputation experiments, both
overall and strati�ed by ancestry.

A.2 MODEL AND INFERENCE METHODS

A.2.1 HIDDEN CHOW-LIU TREES

Hidden Chow-Liu trees (HCLTs) (Liu & Van den Broeck, 2021) represent a distribution over a col-
lection of random variables (RVs) (Z = (Z1; : : : ; ZN ); X = (X 1; : : : ; X n )). Z denotes hidden
or latent RVs while X denotes observed RVs. The joint distribution is described by a graphical
model (G) in which the nodes in the graph represent the RVs and the lack of edges among the nodes
represents conditional independence assumptions. In HCLTs, we have edges from each hidden vari-
able to its corresponding observed random variable (Zn ! X n ) while the edges among the hidden
variables form a tree. When the graph over the hidden variables is a chain (Z1 ! Z 2 ! : : : Z N ),
we obtain a hidden Markov model (HMM). By permitting tree-structured graphs, HCLTs generalize
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HMMs and can provide a better representation of the data to capture long-range dependence, e.g.,
RV X 1 and X5 are highly correlated without being correlated with X2, X 3, X 4.

For genetic variation data over N single nucleotide polymorphisms (SNPs), each Xn denotes the
genotype value at SNP n 2 f1; : : : ; Ng (Xn 2 f0; 1g when we model haploid genomes). Each
Zn is a discrete RV that can take one of L values (Zn 2 f0; : : : ; L � 1g). Figure 1 demonstrates
how to construct an HCLT using genetic data. Given a dataset D that contains 6 SNPs (Figure 1(a)),
we �rst invoke the Chow-Liu algorithm to generate a tree over the latent variables associated with
each SNP (Figure 1(b)). The tree encodes strong variable dependencies by placing highly correlated
SNPs (e.g., X1 and X3) closer in the generated tree. Finally, the HCLT is constructed by adding
an edge from every latent variable Zi to its corresponding observed variable Xi (Figure 1(c)). The
parameters of the HCLT are those associated with the discrete conditional probability distributions
P (X n jZ n ) and P(Zn jZ P a(n) ), where Pa(n) denotes the parent of node n in the tree.

A.2.2 PROBABILISTIC CIRCUITS

Probabilistic Circuits (PCs) (Vergari et al., 2020; Choi et al., 2020) are a class of probabilistic models
that support tractable probabilistic inference. These capabilities have allowed PCs to perform vari-
ous probabilistic reasoning tasks that are out of reach for most deep generative models (Goodfellow
et al., 2014; Kingma & Welling, 2013). For example, the tractability of PCs helps solve problems
in explainable AI (Nourani et al., 2020; Ahmed et al., 2023; Khosravi et al., 2019), algorithmic
fairness (Selvam et al., 2023; Choi et al., 2021), and missing data robustness (Correia et al., 2020;
Khosravi et al., 2019; Li et al., 2021).

PCs are furthermore appealing for their expressive power and suitability for density estimation.
Recent advances in structure learning (Dang et al., 2020) and parameter estimations (Choi et al.,
2021; Liu & Van den Broeck, 2021) allow PCs to accurately capture useful correlations in the data.

Representation PCs are an umbrella term for a wide family of tractable probabilistic mod-
els (Zhang et al., 2021), including arithmetic circuits (Darwiche, 2002), sum-product net-
works (Poon & Domingos, 2011), and cutset networks (Rahman et al., 2014). A PC (G; �) rep-
resents a joint probability distribution Pr(X) over random variables X through a directed acyclic
graph (DAG) G parametrized by �. The DAG G consists of three types of nodes — input, sum, and
product. Each leaf node is an input node; each inner node n (i.e., sum or product) receives inputs
from its children ch(n). Each node n 2 G encodes a probability distribution Prn , which is de�ned
recursively as follows:

Prn (x) =

8
><

>:

f n (x) if n is an input node;Q
c2ch(n) Prc(x) if n is a product node;

P
c2ch(n) � n;c Prc(x) if n is a sum node;

(1)

where fn (x) is a univariate input distribution (e.g., Binomial, Gaussian), and �n;c denotes the pa-
rameter that corresponds to edge (n; c). Intuitively, a product node de�nes a factorized distribution
over its inputs, and a sum node represents a mixture over its input distributions weighted by �. Fi-
nally, the probability distribution of a PC is de�ned as the distribution represented by its root node.
The size of a PC (G; �) is de�ned as the number of parameterized edges in its DAG G.

Inference In contrast to many other generative models, PCs support ef�cient reasoning over its
encoded distribution. One can compute likelihoods by evaluating the PCs feed-forward as in Equa-
tion 1. Many common reasoning tasks such as marginal probabilities and maximum a posterior
probability (MAP) are also supported by PCs. To guarantee the ef�ciency for computing these
queries, the DAG of the PC should satisfy certain structural constraints. Please refer to (Vergari
et al., 2021) for a more detailed summary of various inference scenarios for PCs.

To support linear-time computation (with respect to the size of the PC) of arbitrary marginal queries,
PCs need to satisfy two structural properties — smoothness and decomposability. Both are prop-
erties of the scope �(n) of PC units n, that is, the collection of variables de�ned by all its input
nodes.

De�nition 1 (Smoothness) A PC (G; �) is smooth if for any sum node n 2 G, its children have
identical scope: 8c1; c2 2 ch(n) : �(c 1) = �(c 2).
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De�nition 2 (Decomposability) A PC (G; �) is decomposable if for any produce node n 2 G, its
children have disjoint scopes: 8c1; c2 2 ch(n); c1 6= c2 : �(c 1) \ �(c 2) = ;.

Given a smooth and decomposable PC, querying an arbitrary marginal probability boils down to a
feedforward evaluation of its DAG, thus the computation time is linear with respect to the size of the
PC.

Sampling and Conditional Inference Sampling from a PC is performed via ancestral sampling.
Starting from the root node, we traverse sum nodes by sampling a child proportionally to the edge
weights �n;c , and traverse product nodes by recursively sampling from all children (since they de�ne
independent factorizations over disjoint variable sets). At input nodes, we sample from the corre-
sponding univariate distributions. This procedure generates a complete assignment to all variables
in time linear in the circuit size.

For genotype imputation, we compute conditional probabilities p(XmissingjX observed). Smooth and
decomposable PCs support exact marginalization over any subset of variables: to marginalize out a
variable Xi , we simply replace its input distribution with the constant 1 (summing over all possible
values). Conditional queries are then computed as ratios of two marginal queries (Vergari et al.,
2020):

p(X missing = xjX observed= e) =
p(X missing = x; X observed= e)

p(X observed= e)
: (2)

Both the numerator and denominator can be computed via a single feedforward pass through the
circuit, making conditional inference ef�cient.

A.2.3 PARAMETER ESTIMATION

HCLTs can be represented as smooth and decomposable PCs, meaning they support ef�cient (i.e.,
linear in the size of the PC) computation of marginal queries and likelihoods.

Fitting PCs to Data Any probabilistic graphical model (PGM) can be transformed into a PC that
encodes the same probability distribution. We demonstrate the high-level idea of this transformation,
and refer interested readers to (Choi et al., 2020) for more details. To transform a HCLT into an
equivalent PC, we iteratively encode every conditional probability Pr(Xn jX P a(n) ) by representing
each possible value of Xn as a sum node. Thus, the probability of Pr(Xn = x n jX P a(n) = x P a(n) )
can be represented by the weight of an edge connecting xn and xP a(n) . Take the HCLT in Figure 1
as an example. The conditional probabilities are encoded into a single PC in a bottom-up manner:
we �rst encode Pr(X5jZ 5) and then followed by Pr(X4jZ 4) and Pr(Z5jZ 4), and so on.

Depending on the structural constraints possessed by a PC, different parameter learning techniques
can be applied. If a PC is smooth, decomposable, and deterministic (i.e., for any sum node, its
children have disjoint support), its MLE parameters can be ef�ciently learned in closed form (Kisa
et al., 2014). To formalize the MLE parameters, we de�ne the context 
n of any node n as follows.
The context of the root node nr is its support supp(nr ). The context of any other node is the
intersection of its support and the union of its parents' contexts:


 n :=
[

c2pa(n)


 c \ supp(n):

For any sum node n and its child c, the associated MLE parameter ��
n;c on a dataset D = fxi gN

i=1 is

� n;c = F D (n; c)=
X

c2ch(n)

FD (n; c); where FD (n; c) :=
NX

i=1

1[x i 2 
 n \ 
 c]: (3)

The quantity FD (n; c) is called the circuit �ow of edge (n; c). Intuitively, circuit �ows count the
number of samples in D that “activate” an edge.

However, since HCLTs are not deterministic with respect to the observed variables X, MLE does
not have a closed-form expression, and we instead resort to Expectation-Maximization (EM), where
in the E step we compute the expected circuit �ow given incomplete data, and in the M step we
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estimate the closed-form MLE parameters given those expected �ows (Koller & Friedman, 2009;
Choi et al., 2021).

Concretely, given a deterministic PC (G; �) with root node r and an incomplete dataset D =
fx i gN

i=1 , the parameters for the next EM iteration are given by (Choi et al., 2021):

� (new)
n;c = EF D;� (n; c)=

X

c2ch(n)

EFD;� (n; c); where EFD;� (n; c) :=
NX

i=1

Ez�Pr r (�jx i )
�
1[zx i 2 
 n \
 c]

�

(4)
de�nes an expected version of circuit �ow for edge (n; c) given samples with missing values in D.

Using their equivalent PC representations, HCLTs can be trained ef�ciently using the PC package
PyJuice (Liu et al., 2024). By representing graphical models (e.g., HCLTs) as PCs, we take ad-
vantage of the structure of the model to extensively parallelize the computation required by EM
updates (Equation 4). Further, we develop specialized GPU kernels to signi�cantly speed up the EM
algorithm.

A.2.4 TRAINING SPECIFICATIONS

Training GPC is straightforward, requiring minimal hyperparameter tuning. We set the number
of latent states (for each hidden variable in the HCLT) to 128 for both datasets – the maximum
feasible given memory constraints. Using PyJuice on a single NVIDIA RTX A5000 GPU with 24GB
memory, EM updates complete in under 2/10/3 seconds per epoch on the 1KG, UKBB, and high-
coverage 1KG datasets, respectively. Total training time is roughly 2/6/4 hours on each dataset. Once
trained, generating a single AG sample takes under 2/5/3 seconds for each dataset, and imputing
all missing SNPs within a single sample takes approximately 20 milliseconds. We observe that
changing the pseudocount parameter (used to smooth probability estimates) does not signi�cantly
impact the training procedure and can be left at a small default value (0.005).

Based on initial experiments with small validation sets, we �nd that training for 2,000–5,000 epochs
works well for these datasets, though longer training is possible without over�tting (with minimal
performance gains). For the 1KG data, we trained GPC for 5,000 epochs. Due to the larger sample
size (and longer training time per epoch) in the UKBB data, we stopped at 2,000 epochs. Although
we do not tune the pseudocount, this would be the only parameter to consider adjusting for further
optimization. Additionally, since we use full-batch EM to learn the circuit parameters, we do not
need to tune other standard hyperparameters such as learning rate or batch size.

A key advantage of GPC over other deep generative approaches is that we can probabilistically
determine convergence by monitoring held-out log-likelihood, which provides an objective, quan-
titative stopping criterion. This stands in contrast to methods that lack tractable likelihoods, where
convergence must be assessed through slower, less consistent visual inspection methods that are
more prone to human error.

The baseline RBM and WGAN methods require substantially more time and experimentation to
tune, primarily due to their larger hyperparameter spaces and inability to calculate likelihoods or
determine convergence probabilistically. For RBMs, the partition function is intractable due to an
exponentially large number of con�gurations over the visible and hidden nodes. Therefore, we must
rely on indirect metrics such as Nearest Neighbor Adversarial Accuracy (AATS) (Yale et al., 2020)
and visual overlap in principal component space. Similarly, WGANs do not de�ne a probability
distribution over the data, preventing direct evaluation of sample likelihoods. Here too, we must
rely on visual overlap in the principal component space to assess convergence—a subjective and
time-consuming process.

We utilize the training code and notebooks provided by the authors on GitHub to tune both methods.
Although we initially struggled to achieve optimal performance on the 1KG African data subset, we
resolved this issue after consulting with the authors. For the RBM, we modi�ed several parameters
(e.g., higher learning rate, fewer epochs, fewer Gibbs sampling steps). For the WGAN, we increased
the batch size. Otherwise, all other parameters were kept at their default values. When training on
the UKBB data, we retained the default parameters; similar to the GPC case, we used fewer epochs
due to longer training time but still achieved good overlap in the principal component space based
on visual inspection.
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In order to estimate the parameters of the simpler PGMs, INDEP and MARKOV have closed-form
MLE solutions; while for HMM, we use the EM algorithm with random initialization. Similar to
GPC, we set the number of latent states for HMM at 128 and train for 2000–5000 epochs depending
on the dataset. For MARKOV and HMM, training one model on the entire range of SNPs was too
computationally intensive given the system's recursion limits. Therefore, we train 4 models, each
on a continuous 25% region of the SNPs, and aggregate the results of each model to form the �nal
output.

A.3 IMPUTE5 SPECIFICATIONS

Haploid imputation is speci�ed in Impute5, with all other SNPs in the region serving as buffer
(observed context). Further, we provide the corresponding �ne-scale human recombination map
for the chromosome being imputed. These are linked in the Impute5 documentation: https:
//github.com/odelaneau/shapeit4/tree/master/maps.

A.4 EVALUATION METRICS

A.4.1 NEAREST NEIGHBOR ADVERSARIAL ACCURACY

To evaluate the utility and privacy of the AGs, we compute the AATS metric introduced by Yale
et al. (2020):

AAT S =
1
2

 
1
n

nX

i=1

1 (dT S (i) > d T T (i)) +
1
n

nX

i=1

1 (dST (i) > d SS (i))

!

(5)

This formula returns an accuracy-like score between 0 and 1. T represents the true (real) data and
S represents the synthetic data. Importantly, both datasets should be standardized. dT S (i) is the
distance between sample i in the true data and its nearest neighbor in the synthetic data, while
dT T (i) is the distance between sample i in the true data and its nearest neighbor in the true data (not
including itself). dST (i) and dSS (i) are de�ned similarly but for the synthetic data. The AATS is
an average of the following two terms, which we denote as AATRUTH and AASYN:

1
n

nX

i=1

1 (dT S (i) > d T T (i))

| {z }
AA TRUTH

1
n

nX

i=1

1 (dST (i) > d SS (i))

| {z }
AA SYN

(6)

Each component also returns a value between 0 and 1. If the values are high, this means that the
datasets are far enough from each other to be considered extremely different, or private. However,
their utility would be low. On the other hand, low values indicate similarity, meaning the utility of
the AGs is high but they do not preserve privacy as effectively. Ideally, we would like to balance
these outcomes with both AATRUTH and AASYN being close to 0.5.

In our experiments, we do not consider the overall AATS because poor values for each component
can cancel each other out; consider an AATRUTH of 0 and an AASYN of 1. The former value shows
that for each true sample, the nearest neighbor is a synthetic sample, indicating extreme over�t-
ting. The latter value shows that for each synthetic sample, its nearest neighbor is another synthetic
sample. While this demonstrates that the synthetic data has a meaningful structure and is internally
coherent, when paired with the low AATRUTH, we realize that the synthetic data mimics the real data
too well.

A.4.2 WASSERSTEIN DISTANCE CALCULATION

To quantify differences between real and generated data, we used Wasserstein distances in two
complementary settings. For comparisons in PCA space, we reported a two-dimensional Wasser-
stein distance computed between the empirical distributions of real (test set) and generated indi-
viduals. For each generative method, PCA was �t jointly on the real test samples and the corre-
sponding generated samples (“coupled PCA”), and Wasserstein distances were evaluated in selected
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two-dimensional PCA subspaces (PC1–PC2, PC3–PC4, and PC5–PC6). Distances were computed
using the entropically regularized optimal transport (Sinkhorn) algorithm as implemented in the ot
Python package, with a regularization parameter set to " = 2 � 10�3 . Lower values indicate closer
agreement between the distributions of real and generated samples in PCA space.

To assess similarity at the haplotype level, we computed one-dimensional Wasserstein distances be-
tween distributions of pairwise haplotypic distances. For each pair of haplotypes, we computed the
Manhattan (cityblock) distance, which for haploid genomes equals the number of differing SNP po-
sitions, i.e., Hamming distance. We de�ne two comparison metrics, both using the distribution of
pairwise distances within the real test set (real–real) as the reference. The within metric compares
internal diversity: it measures the Wasserstein distance between the distribution of all pairwise dis-
tances among AGs (generated–generated; NG (N G � 1)=2 values for N G AGs) and the distribution
among real test haplotypes (real–real; NR (N R � 1)=2 values for N R real genomes). This quanti-
�es whether generated samples exhibit similar diversity to real samples. The between metric com-
pares the distribution of cross-distances between generated and real test haplotypes (generated–real;
NG � N R values) to the same real–real reference distribution. This quanti�es whether generated
haplotypes are as close to real haplotypes as real haplotypes are to each other. One-dimensional
Wasserstein distances were computed using scipy.stats.wasserstein distance, which
handles distributions with different numbers of samples by treating them as empirical distributions.
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Supplementary Figure S1: Principal components analysis for models trained on the 1KG
dataset. The top half of the �gure shows a scatter plot of the top six principal components of
the test set (gray) vs. AGs generated via INDEP (brown), MARKOV (pink), HMM (purple), WGAN
(green), RBM (orange), and GPC (blue). The left plot considers the train set as “perfectly” gener-
ated data (black). The bottom half of the �gure shows a density map of the principal components
for each dataset. All deep generative models are able to capture the population structure with good
accuracy.
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